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PREFACE. 

Dnrins Hune «zpeiisiic« in the teaohioe^ of Elemental 

Uatbematioa, It has contmnaUjr occorred to the author of 
the following' pages that Algebra is more often regardal by 
a learner Bit useless dcudger; than as b, cbarming and 
invaloeble stad;. This, however, ia not at all times the 
fault of the beginner himself, but ma; not unfreijiiently be 
BHoribed to a serious defioienoy in the teaching. When it ia 
plaoad before one aa a mechaaicol and disjointed Hnbjeot, it 
must inevitably appear dull and burdenaoms; bnt when 
taught in a liieniifiB and oonneBteil manner, its heautjea 
beoome at once apparent; and, in place of neariscmeDeBa 
and dislike, interest and admiration will manifest them- 

The annual examicationa of the Science and Aft 
Department have done much towards placing thia subject 
before heginnera in ite proper light, and the coses have not 
been few, in which preparation for them baa beea the 
means by which even more advanced stadeuts have £ib6 
become acquainted with its great and genuine merits. It 
ia especiall; for pupils, atutlyiug for these oiamiuationB, 
that thia Uttle work haa been prepared ; bot at the same 
time it ia hoped that by Ter;^ many othera ita advaOtagel 
will be embraced, and ita usefubieas appreciated. 

The commnnication of any ideas for its improvement, 
that may ocoar to teachers, will be esteemed a favour : and 
here the author must acknowledi^e, with many thanks, the 
exceeding kindness of the fileitd and able matbematieian by 
vhom each page of the MS. has been bo CDiefuIly and 
generously examined. 

In plaoing these few p^cs in the hands of pnpila, it 
must not for one moment be supposed that it baa beea 
Intended, by their uae, to aupersede larger and more general 
works. Not in the least. The object has been to collect in 
a small and compact form the simple soicnee of the earlr 
parts of the subject, and to place it before the learner in such 
B way that thia little work may not only be a companion to 
his other Algebra, but may also easily enable him 
intelligently to rejid np that portion which imitt ba 
thoroughly mastered, in order that real proficiency may ba 

It now only remains to teat the usefulness of the work 
by trial, and this, it is confidently expected, will procure a 
Terdiot in ita favoni, 

H. C. TAEN. 
DBvoaport, 
Stft. lia, 1674. 



THE DIFFICULTIES OF 
ALGEBRA MADE EASY, 



CHAPTER I. 

Inlroduet-ory liemaTks. 

1. In commencing the Btudy of this mtereatlnj 
and important subject, it is highly neceasary that the 
student shonld thoroughly clear the gronnd aa he 
Hdvancea, and make himHelf perfect master of the 
variouB terms and steps that will occur in the veij 
beginning of its moat elementary parts. 

There should be no confusion inhiB mind as to the 
nse of signs ; be should clearly comprehend the 
meaning of such technicalities as factor, term, power, 
index, coefBcieiit, &c., &e. ; the intricacies of hrackett 
Ghauld be made Bimple; and the reason for changing 
aU the signs inside a bracket having a minus sign 
before it, when the bracket ia removed, should be 
completely mastered. Proofs of rules, and of varioas 
formulas that need proofs, must be iirmly fixed on the 
mind : and such steps as changing all the signs of 
the subtrahend in subtraction, and then proceeding 
as in addition, not only remembered and acted upon 
accordingly, but made so clear that the student him- 
self could, without doubt or hesitancy, explain the 
{irucess to another. 
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Inlroduetory B«mari». B 

2. It has not been thought neceHsary in this 
early stage of the anbject to introduce proofs and 
definitions, as they may be bo completely read np by 
the student in any ordinary elementary Algebra, but 
we shall now come to a part which will demand much 
more attention, and havn to bring to tho notice of 
tha reader many imiMitant foi' tie, the value of 
which it is imposaible to over-estimate. Varioua 
methods of application will be shown, and it will 
bo afterwards found by any one who completely 
masters their complicated bat yet not difficult useB, 
that he hss within his grasp one of the moat power- 
ful levers that can be used, for the complete removal 
of the numerons difficulties that would oth^^risa 
occur. 

3. After much eiperienee in teaching, it has bean 
found that the application of these formnlte coa- 
fltitntes one of the very greatest impedimenta that 
the beginner has to overconae ; whilst on account of 
their apparent difficulty, stndenta are often pushed 
on to more advanced parts, without nrnstering thia 
"pons aainoTUm" of Algebra, and are therefore 
constantly obliged to perform a deal of mechanical 
drudgery which an intelligent use of the formulfa 
vould entirely prevent. 

4. "We will premise their introdoction by remark- 
ing that a\ those which will be herein mentioned 
are the results of multiplication, and by asking the 
student to pass over no single step until he is as 
aatisfied that each successive one is clearly dednoib^ 
&om its preoedin)^'. aa he is that 8 -1-^ -3=9. 



CHAPTER II. 

The gquare of a binomial. — Examfhi. — The square 
of a Irimmial, d:c^~Example$. — Changing the form of 
(Ml expreteion. — Tim Form of a perfect jgitare, — 



a+b 



»+2a& + 6'. 



It IB here shown by actaal multiplicatjon that 
(a + t) (a+?<) or (a+h)' = a' +2ab+b'. This 
latter result then ia the formulft to bo noticed, and 
by its careful and intelligent application, the square 
of any binomial may bo readily ascertained. 

6. If wo name the terms according to their 

position, {a+6)» = a* +2ab + b^ may be written 

thus, (Ut+2nd)' = ls("-f 2 x Utx2nd+2nd*, and 

wo may say that the square of any binomial eqaals 

the square of the first . . . or 1st*, 

the square of the second. . . „ 2tid<, 

and tvice the first into the second „ 2xlslx2nd. 

T. The student shonld familiarize himself with 

this identity, and then find the eqaarea of 
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1. a+c. 
. m+n. 
. 13+9. 
'. 15a:+13y. 

. pq+2s. 



2. d+e. 
5. p+q. 



14. a'+g: 



8. g+h. 
6. m+q. 



15. a^+2jf*. 



The square of a iinomal. 7 

8. It mnsb be clearlj borne in mind &a.b nona of 
trhesQ esamples mnst be worked hj actnal mnltipli* 
cation, bab by taking 

the square of the first, 

the square of the second, 

and twice tlte first into the second. 
Thns, (&xij+iaby 

^ tke square of the first (36a;'y»), \ 

-I- the square of the second (16a'6*), 
+ twice the first into the second (2 x 6zif X loi)" 
43ahxy. 
.: (Gxy+iab)' ^Ma'ij* +lGa*b* +43tAxt, 

9. a-b 



a* —ab 
- ah+h* 



'2ab+b*. 
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After going carefully through the first formula, and 
working its esamplea in strict accordance with tha 
mental process coutoined therein, the above identity 
needs not to be enlarged upon. The signs, howevar, 
deserve much attention, and it will be well to square 
the few following binomials for tbe purpose of creating 
familiarity with them, bearing in mind in so doing, 
that the signs must be prefixed to their terma, 
exactly as they result from the multiplication. 

17. ab-cd. 18. sB'-y'. Id.-xy+z. 

20.-S+XZ. 21.-2a;-4y. 22.-4&-(JcJ. 

23. - mp +2nq. 24. - Tmx - 3it. 

10. We shaU now give an Brtenaion of the above 
formulffl, and show how easily they may be applied 
other and more important cases. Ii'or example, 
ffuppoae we reciaire to H^u&re the triaomial x +n 



4 

4 



to I 



8 Th4 iquart of ti trinomial, &e. 

we may pmt p for y -z, koA proceed thus — 

Here we muat substitute tbe y - ' fof the ^, and 

B»y— 

H. This process of eubstitution, however, needs 
not to be resorted to, &a the peculiar faculty of 
brackets to convert any number of termo into one 
qiumtjly may be more coDTeniently employed. Thtts ; 

{«+y-^)> = {(» + y)-*l'. 

Here (a; + jr) " the first term of the binomial 
{(a+y)- k}>, and must be subjected to all tbe 
procesBCs which were previously applied to the a in 
(a+6) V 

-.■{ (r + y) -4» = C»^ + !r)»+«» -3{«+y> 
= «• +y» + Ssey + a" - 2a;» - 2y«. 
= a* + y'+ j;' + Ssty - 2a:z - 2y». 

(N.B. This last step has been taken for tbe aake 
of reference.) 

Again (.1 - 6 - c + d)' 
= {(a- fc)-(«^ }' = (a-t)>+ (c-d)^ -2 («_&)(.. d) 
= a»+6' -2a6 + c' + d" - 2cd- i!fle+2nd+26c-26d 
= (as above) a» + 6* + c= + d' - 2a6 - 2oc + 2ixd 
+26c-2I.d-2cd. 

12. It will be noticed from tbe last two expansions, 
that there is in them a eimiJar and peculiar arrange- 
ment of terms, and this arrangement may be fully 
relied on as a formula for squaring any quantity, 
whether it be a binoraial, .i trinomial, or a multi- 
nomial. By carefully examining them the aiadent 
will discover that the law which governs the expan- 
lion may be stated thus ; — 

Tlit sijttare of ear k Urin, 
and the double of each ttrm into ecery om thai 
/ellotn it ; 
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Appliealivn of the preceding Formula, 9 

>o tbat (x+y - r+p- q)* 

-I a:' + j» -fz' +p* +q* -i-Zxy ~2xz +2px - 2qx -2s« 

+2py - 2qy - 2pz+2qz - 2pq. 

13. The learner ahonld carefully work ont many 
examples for himself, and judiciously employ the 
varions ways that have been proposed. He mast 
remember that the position of the terms in the 
knnrer has no effect whatever on the valne. 

2S.(a + b~e*y. 2G.{a+x-2b-Zg)*. 

27. (x - y - G+zy. 28. (2a+3b + ie+6d)*. 

29. (p~2q+T-3m)*, 

SO. (l-2tt+3o» -Stt" +«*)*. 

91. (sc* +x*y ' x*y* - K^f^ + as*)*, 

- [fa+x)'}..33. t(26-H3c)»}«. 

,{(*+!')'}']'■ 
■a+b^{c-d-Ca+b)}]». 

8T. (?+?).' 38. (1+1+?).' 
39. (^*+=^Z^).* 

14. Again suppose it is required to write down tha 
quotient of 

ix+yy+2 (x+tl^z+i* -> z+y+i. 
It ia not here at all uecesaary to make a long 
divieion stun of the work, but cai'eful observation 
win diacover that in the dividend there is 
the tquare of ajirtt, 
the tqitare of a second, 
and twice the first into the second; 
the first being (x-\-y), the second z, and the prodaol 
of course 2 (ic-f-y)* ; so that the espression 

(*+S)'+2(x+j>+*' 
is at once written down as {(iE+y)+«}*. 
.-. The problem raiu thiu 
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10 The Form of a perfect tquare. 

x+y+z x+tj+t 

"X+y+z. 

16. The superiority of ready menial wort over 
tneckaitical is so great, and tLe advantages iavolved 
BO munerotiB, tbat even in the comparatively few 
coses where the former may be the longer, it should 
certainly have the preference. 

IS, It is a very uaei'ul exercise in Algebra, fortha 
etndent to change an expr-ession from one form to 
another. Thus let him ebew that 
(«+S)' +2(o+S)(a - !.)+(<. - !)■ = (2a)'. 

This identity, by a beginner, would generally bo 
proved ae follows : — 

(a+6)' + 2(a+6)(a -6)+ (a-h)* = «• + 2aJ+ 
b>+2a* - 2a6+2a6 - 26» + a' - 2ah + h* = ia* 
=3 {2a}'; and, of cooree, tte required result would 
be obtained; iDut the method employed is far inferior 
to 

= {(«+&) + («-&)}' = (2a)'. 
Indeed the very form in which the right hand 
member of the identity appears in the original, viz., 
&a (2a) ^, would Baggost tbat the latter method of 
solution waa the one intended. 

17. The learner must carry continually in hiB 
mind the form of a perfect square, as he will then be 
enabled, witbont difSuulty, to collect into aoms 
definite form, certain quantities which may otherwiao 
less readily convey an impression of their nature. 
ThuB, show that 

{a+h+c)'+a^+b*+c' = (n+6)' + (fi+c)* +(e+o)«. 

In working such examples hb theeo, the left-hand 

member must be taken as it stands, and gradually 

ohangod until it cosily oasuzaes the form of the right> 



Example on (he form of a perfect square. 11 

hand member — ^tbis latter being altogetber Tumsed 
cbrongbont the operation. Or, the process may be 
reversed. 

= {(a+&)+c}»+a»+&»+c* 
= (a+&)'+2(a+&)c+c«+a«+6*+c* 
= (a+&)«+2ac+26c+c«+««+6«+c» 
= ?a+&)«+(6«+26c+c«)+(c«+2ac+a«) 
= (a+6)«+(6+c)«+(c+a)». 

N.B. — The (a+hy ie retained unaltered etnee iioeeure 
in the same form in the answer. 

18. Other examples may readily be fonnd in any 
good Elementary Algebra for the purpose of facili- 
tating the use and application of these formnlo. 
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CHAPTER III. 

The product of a sum av-d difference. — Exnmpleg. — 
Inversion of (a + 6)(a - 6) = a« - b'. —Examples. 
— Extended application of (a + 6) (o - 6) = a*- b*. 
•^Fttlly-KOTked illuiiraiive examplet. — Eenolution into 
Faetori. — ExampleM. 



19. 



a-i-h 
a-b 



The next theorem for consideraHoTi is 
(a+i.)(a-6) = a'-i-. 

Thia is a very important proposition, and entora 
largely into the formation of Algebraic ejpreasionB. 
The amonnt of work that may be saved by its 
application is almost beyond belief, whilst the most 
unlikaly- looking quantities are often with care con- 
verted into the form of one or the other of ite parts. 

20, The formula maybe thus eipresaed in words : 
When the sum of two quantities is multiplied by the 
difference of the same two, the product equals the 
difference of their squares. 

This flhould be carefully learnt by heart and 
thoroughly understood. Multiplications which would 
otherwise be longandweariaome,maybytheaidof thia 
invaluable formula, be easily and quickly performed. 
The student hoe simply to arrange his factors so that 
the first and second tewns of each are respectively the 
Bame, bat the signs different. If the expresaiana are 
CBpabla of arrangement la thia manner, the 



Application and f. 

pTodnci is found by eqnaring each term, and 
pnttnng a miuas ei^o between the two reenlta. 
At tlie Bamo time it must be curefally borne ia mind 
that, anij number of ienna inai/ be inside a bracket and 
thus pTaetieally form only 0K£ term. For instance, 
a+b ~ c+d coneists of four terms, {a+&) — (d— d) 
of two terms, wbile {a+b - c+d) may b* regarded 



21. We stall now proceed to apply the formula 
Under notice. It will readily be seen that (x+y) 
(x-y) = a» - y', and (m+B)(m-n) =z m» -n', 
beoftuse tbey so clearly correspond to (0+6) (o - b) 
^ a* — 6'. Therefore after the learner haj worked 
a few euch examples for bimself, he will be able to 
proceed at once to more important and complicate! 
ones. 

1. (s+2i)(»-20. ' *t ■■ 

(;r-c)(a.+c)(x'+c-). 

(2p-ff)(3+2p). 

Wft ia' hb ie^' 

{{a^-x){a*+x)]*. 
{{«:-a){i.+a}(a:.+a>)(«.+a*))*. 

22, Inverting the aboTe process, of connw it will 
be instantly perceived that if (aft) {a ~b) ^ a' — 6", 

.-. a'-6' = (a+b){a~b). 

Thns many quantities may easily be broken, into 
elementary factors, and mach nnneceasary work be 
often saved, J'or example, every binomial that has 
each term a perfect square, tvilh a miiiut iign betuieen 
the iKo lermt is capable of the above resolution, 

.-. 2x'-iyi= {3x+2y)iSx - 2y). 
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14 Extended application of (a+h)(a - B) = «• - 1*. 

The stodent should carefnlly remember and imitate 
this breaking into factors, by reaolving any appro- 
priate examples. Subjoined are a few. 

9. a!» - Sly". 10. ^« ~ 1. 11. a:* - 6i. 
12.1-225a:*. 13. |^ - |-|. li.(o»-6')». 

16. a*x* - a»3/». 16. Ja» - |6'. 17. x*y*c* - 1. 
18. 256a;* - 625y*. 19. a*6'» - c» . 
20. am'p-an*p. 
23. By aid of this formnia many examples in 
division may be readily performed, and the G.C.M. of 
two ot more quantities be often fonnd easily by in- 
spection. Thus, 



Thus, 
- 81j;' -:- K*+3y* = - 
(a!'-3y')(x'+3y*)Cx*+9i)*) 



_ {x*^y*)ix* +9jO. 
Again the G.C.M. of 

a*b - ab', o» — 6*, and (a -6)', is at once dift* 
covei^ to be a - &. 

2i. Wumeroas other inetances of the value of the 
abovo formuiaa will continually occur in practice, 
indeed it would bo quite impossible within the limits 
of a small book, to cxbaust the examples that any 
good Algebra will furnish, 

25. We will now proceed to apply 

(«+S)(<.-l.) = .'-6- 
in an extended manner, and to introduce soms im* 
portant and note-worthy iHnstrations. 

26. lo is requi''''d to find the product of 
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«)C« + 4+«). 



Hers the factors may be arranged BS folloWB : 



Fully-ieorhed illttslrative examplet. 15 

and thus be made to oorreepoudto {x+y)(x-y), 
Bince tbe first and eecond terras ic both are respec- 
tivelj alike, and the signs different. 

.-. {a+b+c)(a+b-c)={ia+b)+c}{{a+b)-c} 
= (a+fi)»-c» =a'+2ah+b'-c\ 

27. The stndent mast ■carefully follow for himself 
the armngeoient and aolution of the following 
examplea, and thia he will have no difficulty what- 
ever in doing, provided he has thoronghly mastered 
the preceding work. 
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(a+6+c-(i)(a-f6-c+d) 
{(«+») + (.-<i)}{Ca+6)-C«. 



m 



(2.) (1+2.1-3!) (I 
={.+ (2™-3;)J{. 



= fl!' - 4m» +12ffli 



2m+3a) 



■to'. 



={(r.+°'.'V"XHT(.'' 



-3.)} 



!■)(«• -<.'«'+a') 



(4.) (jp* -2p^+3p'-2p-i'l) (i)*+2p» +3j)*+2p+l) 
={( j,*+ 3p' + 1) - (2j)» + 2p)}{0« + 3p» + 1) 
+ (2p»+2p)} 

- (p*+3p'+l)*- (2p'+2j))» 

— y"+9p*+I+6p°+2p*+6j)» -4p« -8p*-4p* 
= f"+2p»+3j)»+2p*+l. 

28. What has previously been said relative to 
the breaking np of expresmonB resembling (a' -6') 
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Examplet of Eesolulion inlo Faelori. 



into factors resembling (ai-h) (a -h),i 
applicable to the present extensions ; and the resnlU, 
though more complicated, are far more interesting. 
We will give a few esamples, each of which should 
ha thoroughly analysed and understood. 
(1.) fl»+2a6+6»-c» 

— fffl+6+c){a+6-c). 

N.B. — Since the expression (a+h)* - o» is th» 
difi^rence of tvro perfect squares, therefore it re- 
sembles e* — y', and consequently can be made to 
resemble (x+y) (i - y), the two factors into whleh 
e" -y» is divisible. 

(2.) (a+6 - c){a - 6 + e)(b+e - a) -.. {a* -6» 
- (r'+26c) 

{«• - (i« . 26c4-o'j| 
^ ia+l-t){a-h*c)(h+c-a) 




mm &+e- 



(a - S+o)Ca+i - c) 



(»•)' 



- ob»+6's - X* -:- ix+h){fl-m) 



IfL 









-5«. 



_ (a-.:)(.-i)(r.+5) 
(«+»)<" • «) 

(4.) Resolve 4i'y» - (a:*+ y' -■•)■ into 
factors. 

_ {2xj-(i'+j'-.'))(2i!,+(.'tiC-.>)) 
■ The aiUtuTrion a//iiafimiein[iIo;*d Id thuuidotbu K 
(Till b« If Minarda expluuti^, (See GS.) 



^^H Examples of Eetohtiaji into Factors. 17 


^V - (2ot/-!b' -s»+K')C2^y+a:»+j/» -z») 


H _ {.'-i^- -2a,,+y)\{(x-+2Ty+y)-,-} 


H _ («-i+j)(i+i-,)(n.5-z)(i+j+j). 


^M (5,) Show that (iJ'+i'g+a')' - (jj'- ya+i')* 


^m .= *2'9(j''+2'). 


H Cp'+ps+s')' - &.• -m+5')' 


^H » {{P*+i'g+5') - (?>• -P2+3')}{(p'+J'3+3») 


■ +(P' -!>!+«•)} , 


^H - (p*+ji3+g*-j>"4-i>2-g«)(ti*+ii2+3*+ji*-j'3+3*) 


B _Zf,(3j.+2,') 


^r -4ps(p'+3'). 


H (6.) Find the valueof a*-y*+(a!« -y»)» 


^1 -2is'+2i"!,". 


^B a:*-y* + (a:' -y«)«-2fl!»+29:«j/« 


H _ (^■-!,-)(i.i.,.)4-(x. -»■)(«<-,>) 


^B -2i:-{x'-y) 


^m - (I. _j.)(:,.+5.H.». _,. _2ii) 


■ - (i-<l}{^+s) xO-0. ^^J 


m (7.) «.- (^^,--^£i-)' M 


■ - ••- ■ 


^1 ^^H 


■ " ^^ 


^B (2a6-a'-6'+c>)(2fl6+(i*+6*-o*) ^ 




^H (c_„+6)(c+ffl-fc)(a+6-c)(a+5+eX 1 
^B 4i> 1 


^Hf 29. Similar eaamplea may be anpplied, ad infinitim, 


^^f but we will now Bubjom a few important fractiona 


^^^ inTolTing ihe application of thcEe osefol formolaa. 





18 Fraetiona imohing Faetorial Be$oliai<m, 
(1.) Bedi.ce f*+f"'*+'*VtolowerttenM. 



(g'+g' - go;) (g'+g* +00;) 
"" (to* - a*X<»* + «• + <mO 
ag> ^ ga?+g^ 



.1 



^ ( g+y - JP - g) (a?+y+jp+g) 

/8 ^ ^^+g^ + 2ga? - g* ,^ a+x+M 
(g+os)* - 2» ^ g+a5+2 

»+ g — » ' 

80. The above applications will certainly be 
Bofficient to give the student some little idea of the 
manner in which he should examine any examples 
that may occur, for the purpose of introducing into his 
work> if possible, the important aid of these formuks. 
A few exerdses are subjoined which very plainly in- 



Examples, 19 

Tolve their luie. 

21. Find the L.C.M. of y* - 4, y* - 16, »» - 9, 

y+8. 

22. (a - h+c) (c+6 - a) (a«+6«+c* - 2db). 
24. (a-6)«(a+6)«(o«+6«)». 

25 1 y, 1 y. 1 

• a«-tfd+J« a*+aif+lf* a«-a«d>4d« * 

26. »» -y8+a5«2^« - a5»2^» -:- (»• - a:y+y')(a*4<qf 

+y«)- 

27. Besolve a;^<> - 65536 into five factors. 



23. Multiply U~^ by 1 - ^ 



. 



»* - y* « - y 



29. ; -y -x .^ , 

81.(^+^-1) (^•- 51 + 1). 

32. («+ v^a;»+9)(aj- V^b«+9). 

, 33. Multiply o+a*6*+6 by a - a*6*+5. 

81. Besolve (a+&)*'^ - c^^into elementary fiBUSionk 




CEAPTEE IV. 

The Bum of two perfect Cube*. — The difference of 
two perfect Culea. — Extended Application of FormulcB. 
Fully-worked illustrative examples. — Important Fac- 
torial Seaolutiona, — Besolution by Fractional Indices.— 
Easy Deductiona frma Formulai.—Vte/ul Abatracl for 
Meiaory, 



81. 



-ab-i-b 



a 


-a'6 + 


ah* 


« 




+6» 


« 


+ab+b* 
-b 




a 


+a''b+ah 
-a'b-ab 


-6» 


o 




-6» 



.'. (!'+&» = (fl+5)(o" -ah+b*), 
and a" - 6' = (a - h){n'+ab+b'). 
Here again are two Toiy important fommlte, and 
tte fltndent muBt carefully notice and leam the order 
and nature of the factors. From what haa been said 
concerning tie preceding identities, there is no 
necesBity to enter into a -written description of each ; 
Bnffico it to say, that the binomial factors resemble, 
in »igns, the terms of the originid products. 
Ifumerona examples involve these formulEe in com' 
bination with others, as many of the following 
illustrations will show. • 

32. With regard to any of the identities which 
will be iccindcd in these remarks, it is scarcely too 
mnch to say that there is hardly any Aigebraio pro- 



Extended ajiplicaliort of FormtdcE. 

Mem to be solTed, or theorem to be proved, whicli 
Bhoiild not be cafefnlly annlysed for the discovery of 
some hidden formula ; und this, whenever ifc does 
occur, win invariably Hhorten and eimplify the work. 
The careful attention of the student is called to tbs 
following examjilea. 

(1.) Resolve {!ii4-i/)'+c' into factors. 

This example evidently resembles o'+6', since both 
the terms are perfect cubBs, and they ara united by 
a plus sign. 

.■. The factors will rcBomble 
(a+b) (a' - ab-i-b'). 

Now then, let this order of terms, indices, and 
signs be imitated exactly, and the factors of the 
given expression will be olstained. It must be home 
in mind that (jc+y), in (a;+s)'+c», stands for a in 
os+&», and will therefore bo the root of the perfect 
cube which forms the first term of the binomial 
espression to be resolved. It remaiiiB now only to 
Bee clearly that(iE4-y)'+c* 

= (a:+y+c){(K+j))» - {!t+y)e+e»}, 
and one good Btep will be made towards the complete 
underBtonding of the many applications that may be 
adduced. 

(2.) Divide oi+fi" - 2aafc» by (a - &)». 

This may, of coutsb, be worked by ordinaiy division, 
but such a method becomes absolutely wearisoma 
after the prettier and more scientific use of formults. 
Thus, 

o'+fia -2a'6' 



22 Itilly-worled iUmirative ExampU*. 

All the recommendation needed for the abore is to 

nnderstand it 

U8ir» _ l' + (2j;)* 

l+2ar l+aai 

(U2a;)(L-2a:+4ic') 

= 1 - 2a:+43;». 

Hare 8x' being the secosd term, and a perfeot 
cube, corresponds to the d* in a'+fi* ; and, oonse- 
quently, 2x, the ' /Sa;', stands for the 6 in (i+6, the 
first of the two factore into which a'+b* is diviaibleii 
The 1 stands both for a* cind a, since 1 ia the * /I. 



(3.) 



(t) 



IJ(!L 



{(i'+S')-«S}{{i'+j')+^} 
(»'-i)')(x' ts'+ac'a') 



(5.) J(«t,).+.'-:-i(M-j)+e 

- {i(:.^!l)+e}{i( »-H )--ii(:.-H).W't 

- i(MS)'-i(M9)»«-. 
This ia a good ezaoiple, and should be ceie&iSj 



studied. 
(6.) 



.<5 



i*)(ni>*+Bi'ii*+n') 
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Illustrative Examples continued, 
(m* - ii')(m'+ii') (vi ' ' +ni°w*+wO 

_ (m' -n>){m'^+m'n*+n'). 

It ia not BO easy to see at Erst that ni^' 
correaponde to n' - 6*, bub it reveals its 8iini]arity aa 
Boon as it is observed that each of the terras is a penect 
oabe, and that the expression Toay read thus, 

VArae III* Btaads fop o, and n* /or 6. 

(jH-?)(p' -M-H'H-P'i -W'-H' ) 

(i+iXyt«) 

1+5 

J.'(l+}) -w(H-8)+g'(l+8) 

Itj 

The method adopted to get rid of l+i/, ifl simply 
suggested by seeing the I+5 remaining ia tha 
denominator. This, of course, can only be done by 
getting the I+5 to appear aa a factor in the numer- 
ator, the process for which is very plain and simple. 

33. The very fact that with any of the formula) 
there is a product of factors, together with the 
factors themselvtiB, is suffifrient evidence that esprea- 
Biona of which the G.C.M. or L.C.M. is required, 
mnsfc involve their coastanli nse. By the solution of 
Algebraic quantitiea into their elcmctitnry par'^ 
many otherwise rather long examplca may bo readily 
And easily solved. 



24 Beaolutton ly Frattional Tndtcet, 

(8.) Find ths G.C.M. of (j" - jtl) and (}• - 1. 
,. _ 1 _ (,.+!)(,■ - 1) = (J+1)(J' -»+!)(»• -1). 
.-. j> - y+1 ^ the G.C.M. , by iuBpection. 
(9.) Find the L.C.M. of )/• - 1, y»+l and y» -1. 

5. + l_(S+l)(!C-S+l)-, 
S'-l = (»-l)Cs' + !H-l)i 

.-, The L.C.M. = (5+l)(s' -»+l)(j-l)(s'+y+l) 
- (S'+1)(»- - 1) - J- - 1. 

S4. When two terms, eepai^ted by a minna aigu, 
havo pach an irdes ■whicL ia the anni of two eqa^ 
qaantitiea, and also ot three (aa, for example, (i, which 
„ 2+2-t-2 and S+3) the expression is capable of re- 
Bolntion into factois bf the application either of. 
o» - 6» or o' — 6'. 
Thus, 

•= («+?)(» -j){(*'+S»)-iEif}{(a:»+j,*)+iy} 

which latter expressioa is the same result sa would 
be obtained by nsing a' — 6' instead of a" — 6', aa 
above. The student may employ tho reverae proceaa, 
and thus make a good example for himself; thatia, he 
may resolve x* - y' by applying a» — i', and convert 
it into the same form aa ia obtained by naing a' - b*, 
viz., into the factors (a:'+j/'')(!B* — y'). 

tS. It may be noticed, in pasaing, that elementary 
integral exp-essioua reBemtling, inform, a prodnct of 
factfirs, can be resolved by the nse of fractional 
iudioea. Thua, 

by imitating tho factora of x' - y", or 

x-y = ixi - y^)(xKx^yhs^), 
by imitating; the factors of a;* - y*. 



d 



Important Deduetiom from FormulcB, 25 

S6. As aapecimen of tlie reasoning that may nob 
Tmfreqnently be applied to Algebraic espresaions, the 
foUowingdedttctionB from the two preceding identities 
will neither be nninteresting nor nseless. Suppose 
it is required to resolve a'+B' into elementaiy 
factors : we proceed thas. The indes ia not the cube 
of any integral number, and therefore a'+6' cannot 
be resolved simply by observing the above process. 
But 7 ia an odd number, and so is 3 ; therefore there 
it a Bimilarity between them. This being so, we 
preBuioe from a notice of the two factors, (a+&) 
(a* — ab+b'), that the binomial factor of a'+6' will 
have unity for the index of each term, and that the 
resolution will therefore be 

o'+fi' ca (a+B) X £c. 
Thus far all will be clear. Now then for the next 
and more important step. It will be noticed from 
the other factor, 

lit, that a hegim with fJta index next helou that 
belonging to ike a tn ike original product. 

2nd, that ike index of a gradually descends, 

3rd, that Ike index of b is precisely the reverse. 

ith, that the signs are allemale. 

.: o'+6' = (o+B)(a<' - a'6+a*6* - a'6*+a*6* - 

So, again, in resolving a' ^-h^'^, thefactoraof ffl' — &* 

must be imitated; and it will be seen that 

o" - 6i' = (« - B)(a>''+(i»6+o''6»+o'6'+a»6*-t- 

o''6'+a'6''+a'i<'+<i''6'+a6'+6">). 

These examples may be tested by ordinary multi- 
plication or division, and, the rule appUed to any 
fiimilar espresaions. 

86 (a). £Vom what has been said and done, it 
will be seen 



J 



26 TJsefiH Ahstraeifor Kemorg. I 

(a.) That when the index is even and sign mintu, 
a^^-o;^ is divisible by both a~x and a+x, 

(h.) When the index is even and sign plus, a^+x 
is divisible by neither. 

(e.) When the index is odd and sign minuB^ a^^a^ 
is divisible by a - a?. 

(d.) When the index is odd and sign jlu$, o^+o^ 
is divisible by a+x. 



I 



CHAPTER V. 

The Cube of a Biiiomial.— Scheme for rememhranet of 
FormnliE. — Exiended application of the Cnbe of a 
Binomial, — Fully-worked illuatralive Examples. — Tha 
form of a perfect Cube. — Examples on Chaptera 27", 
andV, 



o»+2o6+6» 
o+i 


a-b 

a' - ioH-f 
a-h 


o»+2a'6+a6* 
+a«6+2o6'+&* 


o»-2a»6+aB« 
-a'6+2o5*-JI 


a«+3o'6+3ffl6'+&* 


a' - 3a>5+3ai" - Si 



The greater the number of fonaulffl hronght nndor 
notice, the less wiU he the need of ao exact and rigid 
analyBia of each. The atndent will, donbtleBS, have 
already gained sufficient experience frani the appli> 
cation of the foregoing, to be able, withont aaaistancev 
to nse the two above espsinsions for the pnrpose of 
£iidingthe cube of any binomial. ItwiU boasunpls 
matter to remember the order in which the indices 
occnr, and where and what the nnmeral coefficients 
are. However, we will just say — 

lat That a gradually descettda from the indea ef 
the expansion required. 

2nd. That b gradually ascends to that power. 

3rd. That each of the two middle terms has for H» 
Awnerical coe^cienl the same number as form* 0t» 
: mentioned. 



Thne, then, 



iu+yy =.a!"-t-3a:*y+3zj»+y»| 



(a,_j,)» 



- 8a:»s+ai!if» -f'. 



28 Extended application of the cube of a Ulnomial, 

88. Tlio etudcnt ahonld here aak himself why tho 
ternjBftre altemateiy plus and minuB in tho BBcond 
expunBion. On careful con Bideration ho will findthia 
easily accounted for, hy the fact that the sign of each 
term wiU, of course, depend on the pomer of — hia it. 
Now in the second term it ia aimply the first power of 
— 6, and therefore ( - ft) ^, wliich equals - h. In the 
third term it ia the 2ad power of - 6, or ( - V)^, and 
therefore +6», The fourth term has - h to tho 3id 
power, or { - 6}', and therefore - /i°. It will long 
ere this have been noticed that all odd powers of 
xainos quantities have minoB signs, while all 
etien powers have plus signs, according to the rule 
that like signs give jilaa in. mulliplication, and unlUce 
mi'tiHs. For example, 
(_I,)7„{_fc)-x(-6)» x{-fc)»x(-6)> 

= &» X 5» X 6» X ( - 6) = 6' X ( - 6) = -5'. 

89, The eitcusion of these formnliB to moro 
important examples than those given above, will 
much depend, as with the others bel'ore, on the 'risa 
of brackets. Two or three espansione will make 
their a^lication clear. 

(1.) (pn-^-y 

= Up+q)+xy 

— (p-i-q)'+3{p-i-q)*a:+3{pi-q)x»i-x* 

.= p'+3p'q+3pq*+q^+3{p'+2pq+ri^)x 

m,p<'i-3p'q+3pq*+q>+3p'x+6pqx+Sq''x + Zpx*+ 
Sqx^+x". 

(2.) (m+n-y+xy 

•-(n»-t-»)» - 3(m-v-w)'(y - z)+S(m+n){ij - ?)' - 

» n'+Sm^n+3mn'+n* — S(m*+2mn+n^) (i/ - z) 
■¥S(m+n)(y' -2gz+z*) -y'+Sy'z -3yt'+z' 
■ m*+Zm*n+3ma*+n'—3m''s+3m't-titimj/+Qmn 



Examflea for study and imitation. 29 

- 3n'y+3n'a+3mj' - Gmye+Smz^+Bnj' - Gnys 

40. The above expansionB have been left as they 
naturally formed themaelvee from the simple appli- 
cation of the identity at the commencement of the 
chapter, but they are capable of another and more 
Bymmetricfll arrangement. For instance, the e& 
patiBioaof (^+2+a)» 

This form ahonld bo noticed by the student, bat it 
IB not so urgently preascd upon his attention as the 
foregoing, since it ia comparatively seldom that 
trinomials and multinomials hare to be cubed, and 
when they have, thebinomialarrangement is, perhaps, 
the more easily remembered and applied. 

41. A few examples will now be added, which 
mnst be carefully examined and clearly understood. 

Show that 

(p _ 5)3+511 __P» = 3^5(5 _ J,). 

Thifl identity may be proved in the two following 
ways, the second of which deserves special attention, 
and will be hereafter referred to. 



(a) (p-qy + q^-p' 








= p'-Sp'q+3pq' -gs+j'-y* 






= 3jjg» - 3p'q = 3^3(5 


-p). 






(i) (p-qy+q^ -p" 








"(p-qYp-q)' -(p 


-5*) 






= KP-qKp^ -2jJ2+5») 


-ip-qKp' 


+P2+3 


) 


-'(.P-q)(P^ -'^pq+q" 


-p'-pq-q 


) 




= -3pq{p-([) 








~3pq{q-p). 
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so The Form of a Perfect Cube. 

42. The use of the formnlie ia, in eveiy respeotr, 
inch a matter for conBiJeration, that the really 
thoagbtful Btadent will not always be content with 
the application of the one that may the most easily 
anggcBt itaelf, but will endeayonrto combine economy 
of time with the trne acieoce of his subject. Fop 
instance, in multiplying 

(o + i).bjr(.-S)., 

the beginner may apply the proccBBes for Bqnarin(f 
and cubing a binomial, and then find the product of 
the two reaaltB. Thia method of sointion would 
involve the use of two formnlie, bat it would be a very 
inferior application. Instead of so doing, it must be 
noticed that 

= la*-b^y(a-b), 
which latter form the student will be able eaaOyto 
manipulate for himself. Thus it will be clearly seen 
that the ability to discover the reaemblancea whiob 
BUggeat the uae of an identity, is inferior to the 
judgement which selects the most appropriate, ThJB 
latter ia only to be gained by practice, 

43. The form of a perfect cube should be coreAdly 
borne in mind, since it may often lead to the omisaioa 
of uaeleSB work, as the following esample will show. 
Thus, in simplifying 

(0 - 6)=+(<i+6)«+3(a - 6)Ca+&)«+3(o - 6)'(a+6), 
of CDUFse it is easy enough to work it out in a straight 
forward and partially mechanical way, and the true 
simplification will be obtained. It will, however, ba 
seen, on careful consideration, that there is 

1st. The cube of a first « (a>i)i) 

2ud. The cube of a SBCond {a+b)* ; 



'*■ JSbotnpIea on the Form of a Perfect Ciibe. 31 

Sri Three timea a first squared into a second 
: 3{a-6)*(a-i-b); 

4th. Three timee a first into a second squared 
1 3(» - tK'+i)' 

What then do these remarks snggest? Wh^ 
nmplf that 

(a - 6)»+(a+6)»+3Ca - 5)(a+5)'+3(a - 6)>(a+6) 
resembles «"+3a:*y+3K:y'-l-i/', 

but instead of x we get a-b, and instead of y we 
get a-i-b. Therefore the afcove espression 

-.{(d-6)+(j+6)}» = {a-b+aU}^ = (2ay. 
This esample must on no account be lightly passed 
over : it is of very great importance. 

44. The following will also illuBtrate the manner 
in which the knowledge of the form of the perfect 
cube may often shorten work. Thus, 

fE+y+a 
- (jg+yj'+z' 

a+y+z 
— {w+y+z){(x+y)* -(x+y)z+z*} 
x+y-i-a 

This will be fonnd far less laborious, and is mnck 
mora scientific, than dividing the numerator by the 
denominator, in the form of an ordinary long division 



45. The student will see that there is no assign- 
able limit to the manner in which either of the 
formoliB may be applied, the amount of work they 
may save, or the number of examples that may be 
adduced to illostrate their use, 



(1.) 3(, 



Examples on Chaplert IV ajtd V. 

3a»6+3ai* - 6») -> (a* -i»)(a- ^» 



-JV_ 



/'■){x* -2xs+y*) 



(2.) Required the L.C.M. of 

and a' — 3x*t/^+2x'y* — ij', 

{x'-ji^Xx> -3x>y+3xy' -s>) 

- (2 - 5)(«'+«j+!C) (I - j)" _ (I - s)'(«"+«»+s') i 

(!• -»•)(•■ -2i}+y) _ («■ -y)(i'+y)(»i-y)' 

_(i-,)'(M-j)(.-+j'); 

fl:« -3K*j»+3i'y* -t/" = (a* -jf»)» 

-(«-?)■{■■+>)■• 

.-. i.C.M._ (i-t).(«+,). («•+,•)(.' H-a,+s'). 

This may, of course, b« arranged in different ways, 
Rnd it will be a very good esercise for the etndent to 
convert it into the form of 



45 (.). 
IT and V. 



Subjoined are a few 631 



■J')'. 
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Ch&pten 



Find the value of m' - n» -:- m+n. 
Besolve a'" -b' into elementary factors. 
Simplify a^^+b" -:- o* -a"6+6*. 
Beduce 



Ap^ 



'' g''+g'»)fi)'*+V i7'+ g'*) 



(p«-2j(»g»+g'>)(p»+2p»3'+3»)(p*+2i>'3»+3*) 
to lowest terms, 

5. Show that i!±5!S!±3?Vt»!«;' 



Exampjea on Chapters IV. and V. 83 

6. FindtheG.aM.ofa*+3a»6+3a«6«+a&«, a^+ah^, 
a^+ah, and o» - 2a86»+a6*. 

7. Find the value of (x^+y^) («* - y*) (a;J - xiy^+y^) 
(x^+xiy^+yi). 

Simplify the following fraction? 



g m<*+3w*n'+3m^n*+n« - a«+3a*ag> -3a^a;*+ic < . 

9 8m^+g;^+3g^y+3a;y» +y» ^ 
y+2m+aj f 

Resolve the following expressions into elementaxy 
factors — 

11. 729a:«i+343g«'; 

12. (x+y)^ - {x+y - «)• ; 

13. 2(a;3+a;ay+a;y») -aj8+y»; 

14. (p-3)»-(i?+2)»+3(p»-g«)(j)+a)-»8(p*-g») 

(P - 2) ; 

15. fe3 - 28 - ;fc(Jk> - Z>) +Z(i{ - Z\t : 

16. «ii« -ni». 
Find the value of 

17. {a+h+cy ; 

18. (a+26+3c+4d)* 

19. 17»+13»; 

20. 19* - UK 



CHAPTER VI. 

Setolution of Trinomiah. — Analsais of netTiods of 
Besolfitioii. — FvJly-workeditliiatrative Examplet. — Thi 
Collection of Factort. — Solution of important Ex- 
amples. — Change of Form by multiplication by unity.- 
Fttrlher Solutions. — Examples on Chapter VI. 

46. In the forog'oicg chapters trill be found the 
moat essential points that the beginner of Algebra 
xanst master. Let him go careMly through 
this little work, conqnering aa he goes, and, althongh 
there will be difficulties to overcome, — where would be 
the plcaanre if there were no difficnlties! — he willi 
find, in the end, that he has amassed snch a store of 
really Bcientific knowledge, that, TirtnaUy, he will bo 
fur ahead of b'Tn who has gone through more 
advanced parts, without what haa been here given 
at hie " fingers' enda." It is the very pith of the 
Biibject, the hinges on which the science hangs, imd 
can by no means be neglected by one who wishes to 
get np bis Algebra thoroaghly. 

47. In the following pages a few additional hints, 
will be thrown ont, which the student will do well to 
remember and apply. The advantage of knowing 
them is great, and tlie use of them may be made a 
touchstone for the discovery of either real or some- 
what superficial knowledge, 

48. With regard to Teaolution into elementaiy 
factors, concerning whiot much has already boon 
said, it may be here remarked, chat 

a' - 6', a*+6', and o' - 6', 
are very important types of qnantitiea capable of 
being resolved, Eat there is another resolution to 
be mentioned, aboot which nothing has yet been said ; 
And 
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Efisotulion n/ Trinominlf. '*R 

Ka+S).; + »i = (^ + «)(r.+i) 

iri'ous expressions 

The above trinomial will yield, on aualysis, a rnla 
which ia applicable to all other quantities of the 
eame form. 

48 (o). It will be BDen, 

1st. That the coejfideat of the 2nd term of the 
trinomial is Iko ecu of the two lait terms of tho 
btTumial factors. 

2nd. That the last term of tlie trinomial ia the 
PBOruCT of the same two terms. 

Applying thia process to other expressions, we see 
that since 

o"6* +dbx' +ahy'' +x'y' 
= a^b'+ab (»»+y»)+xV. 
the above law ia here also involved, 

.-. a^b'+ab (x»+!)')+x"y» 

Again, 

and the student may nsei'ally exercise himself hy 
resolving other examples, and forming other prodncU 
that ahtdl be capable of resolution. 

49. Here, however, it will be neoessary to in- 
troduce a somewhat difiereat specimen of the same 
proceaa ; oa, for instance, 

a:» -15iE+50= (« - 5)(!C - 10). 

In this esamplo the signs require a little obser- 
vation. Since the sign of the 2nd term of the 
trinomial ia minna, there must be, at leaat, one minus 
mthebinomial factors, as two plus signs, on addition, 
■would give no minus for second term. Thus far all 
will be dear, but whut ubont the eigu of the other 
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binomial factor ? We will turn to the eign of tirt 
third term of the trinomial ; it is pluB. Now wo 
know that the third term of tho trinoniial is the 
product of the two aei^ond terms of the binoniial 
fiictoi'S, and that one Bigu of these is minus. 
What then? Why it follows, of necesgily, that they 
muet both be minus, since the prodnot of a pins and 
fi minus cannot give a plug. The learoer m.aBt go 
through this again and again, until be bas thoroughly 
mastered it. It requires a little care, but is very 
easy. SimDarly, 

h.) «*-19*»+18^ (a;»-18)(a!«-l) 
= (x»-18){it-l)C«+l). 

ra.) a* - ISah +426 • = (a - e6)(<i - 7&) ; 
and so on. 

60. Again, 

«• - 7« - 44 = (jD - ll)C»+4). 

Here is another Tariation, but one just as easily 
manipulated as the preceding'. The sign of tbethird 
term of the trinomial, teiiig the sign of a product, 
shows that one t«rm of tho binomial factors mast 
have a m.inus sign, and the other a plus ; while the 
second term of the trinomial indicates that the minus 
quantity must be seven greater than the plus. ThoB, 

«» - 7!E - 44 = z' +(4- ll)fl; - 44, 
according to the law deduced in 48 (a) , viz., that the 
two second terms of factors added together make — 7, 
and multiplied make — 44. 

Bl. The studentmust make the case of a trinomial 
having a numerical copjieienl in the first term, the 
sabject of special notice for him 8 elf, as he will find 
that the coefRcients, which will appear in the first 
teims of ibe binomin] facian, will also inlluonce Iba 




lany-uorJccd illuslrative Exainph 

flsoond and third terms; and the law of puhi and 
prodact, as given above, will, consoquoatlf, bo greatly 
mcfdified. Thus, 
(1.) 12a;*+a:V -y* = {3:i:' +y')(4»' - y") 

(2.) 9a'6« - Zah" Ci* 
= S6» (3a»-a&-26») = 3ii(3a+26)(a-6). 

62. A Jew examples wiU now be added to illuatrate 
the nBefalaeas of this impartaut rcBoliitioB. 

a.) Si^pUfy ?^±|f±|. 

g*+3;8+2 _ (a+2)(3;-|-l) _ g+g , 

«*+6k+5 (»+5){a!+l) 35+5 ' 
(J, f -lOy+21 _ to - 3)(!i - 7) _ s - 7 , 

' y+lOj-33 (j-3)(j + 13) 9 + 13 
(8.) Pind the L.C.M. of i« - (a + t)a: + . 

«»- (a+c)x+ac; aoAx' - (h+c)x+hc. 

•• - (a + i)»+o6 = (I -«)(!! - i); 

••-(«+«)!+«» = (I -<■)(!; -c); 

.-. L.b.M. = (,-«)(! -4;(«-«). 
(4.) Find the L.C.M. of 

ff»+3y+3; y'+iy+5anAy'+5y+5, 

»'+3j+2=(i,+2Xs+l)i 

,-J-4j+3=(s + 3)(}+l),- 

|l"+6s+6 = (!, + 3)(i;+2); 

.-. li.C.M. = (,+l)(j + 2)(,+3). 
(6.) Find the G.C.M. of 

y» +j;i -6 and j* - 31/' +3. 

»'+!C-6 = (s>+3){j'-2); 

,..3s.+2 =(,.-!)(,. -2); 
.-. B.CM. = y" - 2, 
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Divide (y* 
-3!<+2)(j' 



y' -5ij+& 



-S!,+2)(j-3)bjs"-6}+0, 
- ,(!?-l)(8-2)(!l-3 ) 



Cj-ii)(j-3) 



I 



(7.) Resolve C!E+y)» + (a+6+c)C(i+y) + (a+i)« 
into f Rotors. 

A stibBtitation may here lake place, whicb wiM 

eimplify the expressioo. Thna, 

Let (x+y) = m, 
and(a+t) =11. 
'Ihen(x+yy + (a+h + e)ix+y) + (,a+b)e 

= m" + (n+c)m+nc = (m+n)(m+c) 
^ (x+y+a+bXx+y+c). 

The Babstitation, in this case, only Bimplifies hy 
redacing the size of the expTession, sioce the carefol 
student will easily see that a+6+c, the coefficient of 
the 2nd term, is the turn of the same quantities which 
have for thai product, {a+b)c, the third term of the 
trinomial. 

&3. After the resolntion of Algebraic quantifies 
into elementary factors, it frequently happeos that a 
single expression has the same term or terms entering 
as a factor into one or more quantities, aa in 41 (6), 
which example will here again be noticed. 
Thus, 

= Cp-g)(P'-2p9+5")-{p-!2)(p'+i'?+?^). 
Here the factor, j? — 5, is contained twice in the given 
expression, and Las to be multiplied by two difi'erent 
quanlitiea, viz., by (p» — ^M+g') and - {p^+pq+q')- 
Now the BtQdent will doubtless remember that m 
maltijilyicg oat of brackets, each term of tha 
mnltiplicandis multiplied by each term of the multiplier. 
Therefore, each of the terms, p and - 5, must be 
mujtiphed separately by j>', — 2j)5, 3", — p', -pq^ — 'l'i 
Sach being; the coae, it is evidently a waste of time 
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to write j) — q twice, and quite useless to have p* and 
-jj", 2> aiid - q' oecnrring-, and - ■,■■] and ~p<l 
in two different terms. What then bIillII we do to 
avoid this Iohh of time and space? Tiie remedy is 
found in what is called the eoUection of factors ; and 
BO ip-q)(p*-2p<i+q^) - {p-2}(.p'+pq+q'') ia 
written thas, 

(P - <1)(P' - 2p?+3* -p* -pq - 9«), 
wMoh eqnals — 3pq {p — ^) ', certainly a eborter and 
more conTenient fonn than tlie original. In such a 
case as this, the beginner is often led to ask how a 
single niultiplication by j» - y. can be the same as 
multiplying by the two factors p - q. The careful 
consideration of the above will answer the question ; 
and he will at once see tha,t if a has to be multiplied 
by b+e — d — e+f-i-g — A, it is far more convenient 
to write one a, and say 

a(b+e-d-e+f+g-h), 
ttan either db+ao ~ad- ae+af+ag - ah, 
or a(b+c) - a(d+e) + a{f+g -h), 
OP a(b+e -d)- o(e -/- g+h), 
&c., Sk. 

Bi. It will only be necessary to rabjoin a few 
eiamplca to show the immense importance of this 
collection of factors, vrithont whieb many veiy simple 
expressions would become intolerably long and tedions. 
(1.) Show tbat (s+y+is)' -»» -y» -i» 

(x+y+z)o-x' -y= -a' = {{!e+y)+z}» -X' -y* -g* 

+3yi'+z'^-x^-y'>-is'> 

M. B(x'y+xy* +x''z+2xt/z+y'z+xx*+yx*) 

= 3{x{xy+xz+yz+z*)+if{xy+xx+yx+M*)j 

— 3{{x+y){xy+xz+yi:+z^)} 

- m<'+y) {y(*+8) +<«+")}] 

^S(x+y)(j/+z)(sc+z). ^ 



40 BinU/or easy ManipulalioH. 

Thia example has been thna worked out, for th& 
parjiose of giving proniinence to the collection of 
lartora. It is easily seen, at commen cement, that tlie 
''■ is contftined in all the terms, and in the required 
ibrm; tborei'opo its foclora are collcctpd. We iiffltt 
notice thata+y is nnotlicT factor; consequently, wo 
try to take the x out of Buch terms as will leave 
exactly the same factors by whicli to multiply it, aa 
will be left for the y, wh<n this latter is taken out of 
certain other terms. It will also be observed that 
23ry2 has been divided into vyz and scyz, the a: being 
taken out of one to leave the term yx, and the t/ out 
of the other to leave sex, both of which are required. 
Thia step detracts somewhat, perhaps, from the 
valae of the foregoing method of solution, bat would 
be, by no means, disallowed. There ia no difficulty 
whatever in seeing that a and y must each be multi- 
plied by (sTj+is+y^+z'), since the two binomials 
remaining in the required fona, after (x+y) baa been 
removed, give exactly this expression ; so that the 
resolution into elementary factors is really a very 
simple process, A careful study of the above exorcise 
will render all tbe otheis comparatively easy. 

64 (o). In the manipalation of Algebraic ei- 
pressions, especially in the case of rather formidable 
examples, like the one now under notice, it ia nseliii 
to bear in mind that it is desirable not to alter, if 
poesible, tbe form of any part of an expression, t/ 
thai very same form occurs in the required result. 
Judgement must be used in determining whether th« 
alteration of form ia necessary or unnecessary.'' 

In the above example, for instance, tbe (x+y) has 
been completely changed, and then brought back to 
exactly the same form again; wheieas it is quits 

> G« wlutloD ksd " H.B." uupBgdl. 
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possible to Himplify tlie expression, and retain the 
{x+y) afl an analtered factor, Ttua, 

{x+y+z)» -x»-ff^-z* =. {{xi-y+z)»-z»}~ 
(x>+y^) 
= {x+y+z - z)(x''+y*+z'+2xy+2xz+2yx+xz+yz+ 

z^+z'')o_ (o:+y){x'-xy+y) 
«= (x+y) {x^+y-^+Zz*+2xy+Zxz-i-Zyz - a:»+j^ - y») 

— 3 (K+yJ («' +ry + a:a-Hi/iJ 

= 3(!i;+^) {y{x + z)+z{z-\-z)} 
= 3{x+y){y+z)(x+z). 

Bi (h). Further esnn^ples oa tbe CoUecldoa of 

factors will now be appended, 

(2.) Show that 

(.x-yy+is-zy+iz-xy =3(«-<r)(j,-.) 

(x-y). 

= (is - y+y - a) (a!» - 2xi/+y' - xy +xz+y* - yz+y* 
-2yz+z*)-\-{z-x){i:-xy 

= - (a - x){x' -3arj+3^i'+a:»-3ye+a»)+(»-fl;) 
{a* - 2xz+x') 

— (2-a;)(-a:»+3!<Ty- 3^» - xz+Syz ~z*+s*-2ast 

+x') 
^ {z - ii:)(3a;y - Sj» - 3a:a+Sya) 

~Hz-x){y{x-y)-x{x-y)} 
= a[e-x){y-z){x-y). 

This identity may be pro"ved in other ways, and the 
work of this method may be shortened, bnt the 
''•By imitatiaE the fnotora of o' - S*;(fli+y+«) standing 
in the place <£ a, and x in tke plaoe of b. 
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collection of fuctorB has been made the promineiLi 
point, and, therefore, it has been solved so aa to ensnre 
the Buccesa of the beginner, by proceeding gently 
Btep by atep. Ttis plan will always be fon nd, at first, 
to be t^e safest ; large steps often caaso little blanders. 
It ehonld be particularly noticed, how easily (* — y) ' 
+ (y-B)s has been solved by nsing the factors of 
o'+6*, since x~y stands for a, and y-z fort. 
The + {x - z), of the Srd line, has been changed into 
— (z - ic), in the 4th, bo aa to make the (z — m) 
common, and thereby enable its factors to be collected, 
the required form containing e ~ a. 
(3.) i/(x'+z')+a;z(ic» - !s')+z'' (x+n) -:- {z+y)(x+t) 

y(e.i-z)(ai' - !t.-+z')+ag(a; - z) (a;^■a)■^■^^ (x+x) 
{z+s) {x+z) 

(K+»){y(sc* - xz+3')■^-z(x* ~xz+z*) } 
~ (^+y) (»=+=) ■ 

{z+y)ix* -az-i-x') _ 



z+S 



- eez+z*. 



(i.) Show that 

(«+2y>» - {y+2x)y» =(x- y)(x+y): 
(x+2y)x* - (j+2k)!/s = x*+2x'i/ -y* - 2xy* 

- (a* -y*)+2xy(x' -y') 

- (*» - y) {x^+y')+2x!/{x' - yo) 

- (»» - y')(x*+2x3+y') = (a; - y){x+y){x-t-y)* 

= {ii-y)(x+y)\ 
3a;» - Sx^y+xji' - y" ^ S x^jx -y)+ y*{x-t/) 



(5.) 



ix'y - Sxy'+y* y{isD' - 5xy+y*) 

_ {3x'+y*)ix->j) _ Sx*+y\ 

y»+9,v+20 ^ <)/+5)(i/+4) 
y'+7j(' +Uy+S "^ y" +2»+7y(y+2) 
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_ (y+5)(y+4) (y+5)(y+4) 

(y+2) (y» - 2y+4)+7y(y+2) (y+2) (y'+6y+4) 

^ (y+5)(y +4:) _ y+5 

(y+2)(y+l)(y+4) (y+2)(y+l)' 






5+a 



"■ _ji - ■ ^ 



a ,6 



= (MX°; - >4: - ?^!«) 



o a 
(8.) Show that |>(i> - 22^) • - gr(2 - 2p)« « ( p - 3) 

« p* - 6p»2r+l2p»2« - 8p2» - g*+6p2» - 12p« jt 

+82>»g 
■Bjp*+2p«g - 2pg« - q* 

-(i>*-«*)+2i>?(i>"-ff*) 

- (P - J) (P+2)(P+ff)" « (P - J)(1H-J)S 



44 Change of Form hy MvlUplicaUcm hy Unity. 

65. If carefnl and inteUigent attention he g^von 
in the foreguing methods and remarks, there will be 
little elae that the learner needs to trouble himself 
about, in order to thoroughly understand and enjoy 
his subject. But he must be continually cuthe look- 
out for the introdaction of any little manceuvre that 
may shorten labour, and, contrary to general roles, 
tnuit lake rather a delight in gcheming. This ia no 
where more clearly shown, than in some few eserciaes 
that will follow ; but the artifice employed therein ia 
only a specimen of others that may be applied in 
diiTerent coses. 

(1.) Find the value of . 

In addition of fractions, it is, of course, necesBftry to 
find the least common denominator ; and, at nral 
sight, it appears evident that the one for this example 
ia 

bnt it requires not m.nch penetration to aeethat, if by 
any means 2y — 2x can be changed into 2x — 2y, the 
L.G.D, will be one of the quantities instead of both ; 
and this vciy much to tbo advantage of the solution. 
Now, it is well known, that if the numerator and 
denominator of a fraction be both multiplied by tha 
same number, the value'of the fraction ia not altered, 
eince the process is equal to a moltiplicatioa by unity,. 



Thu, ^0- 
'2j-i 



5a!-2y 2y-2ji°2a!-2y 2i^^ 

. '-g - •-> 1 
2a! -2j 2(2 -y) 3* 
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Thlo ctangs of form -will admit of other expla- 
naiJODB, bnl of none shorter or clearer than the 



(2.) 



3*2? _3-3i) 16>-ii' 
2 -J 2+J r-i 
S+2y 2^3y y -IGjj 



(2ty) (3-l-2») - (H - ») (2 - %) t?' - ley 



(«.) 



6+7!,+2,' - 


4+8y - 3y'+y» 


-16j 




a-j 




1 
.)(4- 




(2-})(2+j) 
Simplify ^— 


"^ 


(« 


-aH«-l)- 





As the factors stand here, the L.O.D. will ha 
(a-bXa^cXb-a)(b-cXc~a){c-i); 
but {a - h) and (6 - a), (o - c) and (c - a), (6 - 0) 
and (c - h), are factors differing only in sign ; there- 
fore if we change the eig-ns of one of each pair by 
the former method, three of the factors wiU be the 
L.C.B. instead of all the : ' 



. < r-^ T-* This needs some erplo- 

(a-c){6-c) 

nation, which the student mnst clearly nnderetand. 
The first may be seen without difficnJty to chango 
thus. 



('-«)('-«) '- 



I 



k-t 



-Tir. 



48 BohiUemof FraetUmt. 

•^+a fe-c (a - 6) (6 - c) ' 

bat the second has two factors to change, and, there- 
fore, each must be multiplied by the changing quan- 
tity, as follows :— 

(c - a)(c- h) c-a e -h |c-a -1 e^ 

- c+a - c+6 (a - c) (6 - c) * 

•• (a-6)(a-c) ^(6-a)(6-c) ^ (c-.a)(c-6) 

- J- 1 . 1 

"" (a-6)(a-c) " (a-6)(6-c) ■^(a-c)(6-c) 

^ 5 - c - a+c+a - & q 
(a-.6)(a-c))6-c) " ' 

(4.) 1 . 1 I 1 

«(«-y)(»-») y(y-»)(y-«) »(«-»)(«-») 

^ 1 1 . 1- 

»(«-y)(»-«)''y(y-«)(«-y) »(»-«)(y-«> 

. ^g(y - g) - ggfa? - g)+gy(a? - y) 

ayg(a?-y)(a?-g)(y-g) 
. ^(yg - g'+g* - gy) - g;g(a? - g ) 

«y«(«-y)(»-g)(y-g) 

^ J^{(a? - g) (g+g) „ y(a; - g)} - a;g(a; - g) . 

gyg(g-y)(g-«)(y-«) 
^_^( g - g)(g+g - y) - gg(g - g) 
ayg(g-y)(g-g)(y-«) 



I 



Cmltntied Solution of Fraclton$.' ' 

^ (m - t) (xy+yz -y*-tcz ) 

_ z(y-z)-y{y-z) 

^ (»-y)(y-,)_ J_ 
!>:yz{x-y){i)-s)°'xyz- 

The above example is worthy of mnoh study; 
indeed, it mnst cot be passed over until it is seen that 
each Btep is both clear and easy. The following 
Bolntion demands similar attention, and iB qnite as 
Bimple and acientifio, 

1 , 1 . 1 

'{' -»)(":-.)?&- «) (y - ») •(■-«)(»-») 
1 1 ^ 1 

"•(!i-s)(.-.)"!,(!,-2)(i-5) «(»-•)(»-«) 
_y^( y-/)-gz(3!-g)+a:y(!e-y) 

«f'("-S)(»-')(»-") 
_ yg(y - *) - ai*^+zz'+a:'y - fl^* 

" «»»(": -y)(«-«)(y-<) 
_ yK» - ')+»■(» - ') - '(y - '') 
■»>'(» -y)(«-")(s-") 

_ y»(y - Qti'te - i) - J:(y4-i)& - ») 



ityz(a! - y)(a! ■ 
(y-g)(yg+a:* 



.)(y-.) 



«j!(i-y)(>!-»)(y-.) 
_ «(i-»)-y(»-») _ (i-y)(»-t) 
«yj(i-y)(»-<) «»»(«-y)(«-«)" 



t 



48 Soluti<m by Factorial CoUeettoM. 

(5.) Show that 

(a - 6)(iB - a){x - h)+{h - c)(x -&)(«- c) + (c - tf) 
(a; •- c) (a? — a) »= (a - c)(a • 6) (6 - c). 
(a - 5) (a? - o) (a; - 5) + (6 - c) (a; - 6) (a? - c) + 
(c - a) (a? - c) (a; - a) 
H Tfib - o) {ax -a* - bx + ab + hx - he - ex + c*) + 

{c - o) (a? - c) (a; - a) 
>B (a? - ft) (oa; - a" +a6 - 6c - ca;+c*) + (c - a) («— c) 
(a?- a) 

— (a:-b){(c + a)(c - a) - 6(c -a) -a!(c-a) } + 
(c - o) (a? - e) (x - a) 

^x - 6)(c+a - 6-a;)(c-a) + (c-a)(aj-c)(«— «^) 
[c - a)(cx + aa; «- ba; - «■ -6c - a6 + 6*+ 6a?) + 
(c - a) (» - c) (a? - a) 

«> (c- a)(ca;+aa5-»» - 6c- a5 + 5* +»*-a«-e» 

+ae) 
■- (c - a) ( - 6c - a6+6*+ac) 
■■ (a - c)(6c+a6 - 6' - ac) 
» ?a-c)|a(6-c^-6(6-c)} 

— (a - c)(a- 6)(6 - c). 

Enough has been said and done to show the 
principle and value of the collection of factors* 
jSach example given is a complete study for the 
heginner ; and, would he mount with ease to the 
height of success in this impoi*tant and interesting^ 
work, he must, on no account, disregard the little 
ht^pti ^y which alone he will be able to secure for 
himself a footing both safe and permanent. 

56. Subjoined are a lew examples which embrace 
the substance, and illustrate the utility of Chapter 
VL 
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Besolre tbe following expressions into elementary 
factors :— 

1. »»«+29mn+210n«, 

2. aj»y»+37iBy2+342««. 

8. p^q^ - 21j)«2^«r+104:r«. \ 

4. a««« - 19o*j)««+18p*. 

5. a««« - 19a*j)«« - 20p*. 

6. JV^^+ll^Vfi'^^-S^ag*. 

7. a» + (m+»)a+nMi, 

9. 3a«»»« - 42aTO2+1202«. 

10. 2(to+»)« -7(TO+n)(a?+y)+3(«+y)S 

11. p« j« - 130p2«y+129««y«, 

. -1' 



12*. 9 - S - (8 - 0) («+l) — »(» - 8)+8. 
i». 8-8-4+4-6-6-6+r 



14. 



nnd the value of 
«* +130+36 



0* +160+63 



16. 1 y 1 1 

p« - (a+6)jp+a6 j>*-(a+c)p+ac j>*-(6+c)p+6o 

12ffl*+iii>n« - n* 
^^' 9ni*+6m«n«+n* 

• BeoanfUtoOOIIJSXJXirAOTQBSwIieiieTer tiiapiiooMiii^ be of 
adTintag*. 



60 Exwnjfles on Chapter VL 

17. 1 ^, ^ i ^ . 

(a? - y) (a? - «) (y - a?) (y - «) (» - ») (» - y). 

j^g j?» -j?ffl - j>n+t»n 

19 2o^ag*+5aa?y+2y^ 
Qa^x* +7axy+2y* 

20 p(p-2y)»-y(y-2j))» 

j)»+3p»y+3py^+y» 

2j (x+yy - lie (a? + y)+30c» 

a; - 5c+y 

Change the left-hand member of each of the 
following six examples into the form of the right- 
hand member :— 

22. {p - qY + ig. - w) 5 +(m-p)» = 3(m -jp) (g -«i) 

(p - sV 

23. (p+g+O* -|>» - 3» - r3=:3 (p+3) (g+r) (p+r), 

24. (a-6) (aj-ct) (a) - 6) + (6 - c) (a? - 5) (a? - c) 

+ (^ "" ^) (* ■" ^) (* - ^) = (^ - ^) (^ - ^) («-«). 

25. (a:+y+2)» - (y +2 -»)»-(« -y+«)»-aj+y-»)» 
= 24a;y2;, 

«. 8+2aj 2-3» 16aj-a:« 1 



2-» " 2+x ^ »2 _4 ■^a;+2' 



05* y« 05* y* a? y 
7i+ ^""y«+g«'^y;*;^ ^_^^^ y^ » y. 



y » 

Find the L.C.M. of 

28. x^ - 13a? 42, a;^ - 9x j- 4, and « ^ - 12aj+35. 

29. »* - 144, »* - 25a;+i56, and «* - 5a; - 84. 



Examples on Chapter VL 61 

80. |)»+2()p»+19,jp« - 361, jp8+19i)»,andp»2^+lSp«2 

81.» 4Jk« - 9y«, 4&« - y», 4A;« - 8% + ^y*, 4A;»+ 4Jfcy 

- 3y«, 4Jk« - 4&y - 3y«, and 4A;«+8%+3y", 

Knd the O.G.M. of 
82. X* - 4a?+4, and x^ - 7«+10. 
88. 2a5* - 288, and x^y^ - ll»»y« - 12y«. 

84. jp«+21jpg+1102S jp'+pa - 90grS and 2p« - 2pf 

- 220a«. 

• Soieiice KTamlnatton^ May 1870. 
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57. In addition to the formnlffi already given* and 
BO nrgentlj pressed npon the stadent'a ftttention, 
without a command of which an Algebraist can have 
but a superficial knowledge of his subject, yariona 
important points require notice ; and to these some 
little space will now be devoted. One or two 
formulffl will also be mentioned, which, although of 
less value than the foregoing, ne?erthele88 require 
careful and studious consideration. 

58. It is not un&equently the case, that the 
learner finds some little dilBculiy in expanding an 
Algebraic expression, beyond a certain low power to 
which he has been accustomed. Of course a high 
expansion may be accomplished by yarions combi- 
nations of the lower powers ; thus, 

(a+6)* « {(«+&)"}•, 
(a+6)»-(a+&)«(a+5)«, 

{a-k-iy « {(«+?)•}", 
and so on ; but the process is frequently long and 
tedious. The difficulty, however, may be altogether 
removed, by the application of the foUoymig formula^ 
viz., that 

* 1x2x3 ■ * » + +»^' 




I 

I 



Important Expanaiong. C3 



tie form of which alone conbiins 8117 element even 
of apparent difEcnlty. Let ne apply it, and find the 
expansion of («+i)'. Hero, then, m = 6, and thua 
»e have, by a cloee imitation of the iibove, — 



1x2 
^ 6x5x4x3„,.,^ 6x5x4x3x2^, 






Ix2xax4 IxSxax'lxo 

■ a«-f6a»i+15a*6=+20a»6'+15a«6*+6a&''+6». 

In expanding (a — 6)'', every term containing an 
odd power of — h, must evidently have a minus sign, 
(Art. 38) ; and, therefore, 

(a-6)» ="a» -6a''6 + 15a*6» - 20 a»6>+16a»6* 
- 6ab'+b'. 

Again, (2ie+3j()* 

_ (2.)H4(2.)H3j) + i-g(2^)H3s)' + ggl (Sa:) 

.-16a:*+96ii;»y+21G(EV+2t6(rf/»+81y*. 
Also, (a+t+c)" = {(a+6)+c}» 

« (a+6)«+5(a+6)'c+ f^(«+^)'''' + j-^2-^(a+^)' 
«■ 

6x4x3x2, J, 
^1x2x3x4'- ' 
_ a'+Sa'S+lOa'S'+lOrt't'+Snt'+S' 

+6c(a*+4a'6+Go"&'+4a6»+6*J+ lOc={a»+3a«i + 

Soft'+ft") 
+10c» (a' +2o5+6»)+5c*C(t+ J)+c », 

which, for simple and entlfe completion, nseds now 
onl; to be taken oat of briLckcta. 



tJiefiil Pormulit/or MuUipUcalion. 



Si 

69. The above illnatratioDS will be quite sufficient 
to impress upon the mind of the pupil tho desirability 
of understandiDg and applying the symmetrical 
Mrangement contained in the preceding identity ; 
and the few following examples, for practice, will 
make tba formula clearer and easier tbaa laxaj 
words. 



1. CM?)"- 


2. 


(2a -s)'. 


8. (2s!+3a)'. 


i. 


(o-to)-. 


6. (.+J+2)-. 


6. 


(rt -}+.)•. 


7. (a -5)'. 


8. 


(<■-')■• 


9. (40+6S+1)'. 


10. 


(j+3)'. 


11. (»+.).. 


12. 


(m-i.)". 



60. Again, in Article 48, ib has been brought 
before the student's notice, that 

and it may be shown, by actual multiplication, that 

Ac, &o. A high process of reasoning, called mathe- 
matical indxidion, shows that this symmetrical 
arrangeiaent holds good for any number of binomial 
factors ; and, therefore, it becomes a very nseftil 
formula for finding the product of a factorial eipres- 
■ion, corresponding, in/arm, to tho left-hand member 
of either of the above identities. The process is 
contained in the following examples : — 
(1.) (x+2ji){sc+3y) =a«+(2y+3y)a;+6y" = a;»+5!Ej 

(3.) (x+Sy)(x+5s)lx+53') = x*+(3y+9}i+5y)x* 



(122^ -2qm — Gmx) 



JppUcalion of Formula/or Multiplication. 6$ 

(3.) {4p-2j)(4p-6x)(4p+™) 
= C4p' - (2q+Gx-n -■ ■" 

{ip)-i-l2qmx 
!=G4p» -lG(22 + 6a!-m)jj» + 

61. Every possible use moat be made of this 
combination, and the student must avail himself of 
its assiatiLQCe, in the solution of any examples into 
which it can be aatialactorily introdaced. Of coars©, 
tho complete maatery of a formula ia shown only by 
an ability to apply it whenever it can possibly ba 
admitted mth ease and advantag'c. Thus, 

(1.) X' + {a+&+c)x' + {a.b+aQ+bc)x+abo •: 
{x+a){x-i-b) 



a*+{a+b) 



(2.) 



p' + {m+n)p+mn f •+(» -m)p - 



^ 1 + ,t 1 

ip+m) (p+n) (p+t»)(p-l») (p+m)(p+«) 

■ (p+(z)(p-")+(p+!z)Cp+")+(p+")(p-») 

(p+'")(p+n){p-«)(p+g) 
fp+qUp-n+p-m)+y-i»' 

(p+«0(i'+«J(p-")U+a) 

2p(P+g)+P'-» ' 
"(p+m)(p-i-n){p-«>(p+«) 

62. Much Dotlco most be Ulcea of the /arm irf 



I 



M EemarJcs on Manipulation. 

the foregoing identitieB, so that they may be firmly 
fised on the mind ; bnt, on careful eiamination, the 
pnpU will find their symmetrical arrangemeBt to be 
BO easy and regular, that be will not experience tho 
least difficnlty in remembering and applying them, 
Ho hints to that efiect need here be given, 

63. Show that 

(n'+n'){ p'+q*) - (mp+nqy+{mq -np)*. 

(m*+n')(p'+2*) = in'j)'+m»j«+ti«p'+M'j" 
mtm'p*+m*q*+n*p*+a*q'+2mnpq~2mnpq 
^ (m*p'+2mnpq+n*q') + (m'q' - 2mnpq+n*p*) 
V (mp+nq)'' + {mq-np')'. 

This last eitample inclndes a device, which the 
oarefnl atndent must have noticed, when +2mnpq and 
-Sffinjij were added to tbe expression. Now, it is evident 
that the value cannot ba affected by aach an alter- 
ation; bnt what ia there to suggest it? Why the 
right-hand member of tho identity, on being 
menially squared, gives these two terms in addition 
to the ones obtained by the multiplication of tho 
left-hand factors : and, therefore, they are required to 
complete tho form, although they in no way affect 
the value, This is merely another specimen of tha 
allowable and interesting schemes, which the in> 
gennity of the student must ever be oa the alert to 
apply. 

Of conrBe it woTild have been quite sufficient for 
the establishment of the equality, if the right-hand 
member of the identity had been converted into tha 
form of the left-hand factors, as below ; but, in many 
cases, it ia not possible to determine, at a glance, 
whiiih is the better process for mampnlation, ^And then 
it is more nataral to commence at once wicfr the 
aide of the identity first given. Beginning with tha 
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right-hand member, we have 
{wp+nqy + {fnq-np)' 
~m'p*+2nmp(;+n'q'+n»'ij» - 2ninpq+n*p' 

= (m'+B')(^''+5'). 

64. One very importftut observation will now be 
mado, relatiTe to the working of certain Algebraio 
examples, which contain terma having regularly 
ascending or descending powers of some common 
letter. The student shonld bear in mind that it is 
generally desirable, and, in some instances, necessary, 
to arrange the terms in the order of tha indices of 
the common letter : at the least, it ia awkward not to 
do so, and ill becomes a good Algebraist. 

ThttB, 

X* - ISy* - ex*y*+x'y-i-l'ixy* -:- Saiy - 6y»+a!» 
is very badly arranged for division, and, as it stands, 
would be likely to defy th& utmost endeavoars of the 
learner to solve it. The dividend and divisor should 
imitate one anotherin the position of the terms ; and, 
Bince it will be very convenient to arrange according 
to descending powers of ai, the above example will 
nicely become 

x*+x''y - 8s'j/'+t9Ki/' — lEy* -:- a*+Zxi/ - By*, 
the solution of which will present no element of 
difficulty. 

65. Not only is this the case, bnt, ttill mor* 
imporlanl, the first term, for each successive division, 
ntuab be brought down also in the order of tha 
indices of the common letter which has been selected 
*o govern the arrangement. Thus, if a:* be the first 
tarm in the dividend, and x the first in the divisor, 
the next line for division should commence with a 

having in it x', the following a:>, and bo oa; 




88 Semarh$ an Division. 

nsless, indeed, the qaantities, thus noticed, have 
disappeared in the ordinary working of the sum. 
The meaning of these remarks is far too evident to 
need illnstration ; experience will make their impor- 
tance manifest. 

66. It frequently happens, however, that there 
will be more than one term containing the power of 
the quantity which has to be brought down • thus, 
if a; > be the letter to appear in the first term of the 
line, there may be two, or three, or even more terms 
having the x^ in it. What then is to be done ? Is 
the o;^ to appear for so many following divisions, in 
order to get rid of all the terms containing it, and 
thus proceed to the «■ ? By no means. The tyro 
may do this, but the Drocess wonld at once discover 
the standaru or cne operau)r. iiet the factors of the 
x^ be collected, and thus, by a kind of compound 
term in the quotient, the division for this power will 
be immediately accomplished, and the progress 
through the example be made short and sure. A few 
illustrations will remove all doubts and difficulties. 
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niuBtrative ExampUi eonitnuiS. 



In this example the terms are very easily arrangel 
in the order oi the descending powers of h, the 
factors being collected where more than one term 
contains the same power of the letter. The student 
should very carefully work this through, and 
akogether satisfy himself concerning every term and 
step in the process. Where necessary, the terms of 
each subtrahend must be mentally taken out of 
brackets, and, when they do not cancel others, be set 
down in the remainder, in readiness for the next 
division. A careful analysis of the above work will 
impress the method more thoroughly on the memory 
than a page of explanation. 
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69 Obtenationi on correal Study, 

67. The following hint is not naworthy of mttiM, 
■iiice it induces an inBi^ht into the nature of 
Algebraio expressions, and is caloalatod to promata 
freedom of manipulation. Suppose it ia required to 
find the G.C.M. of 

a;" - 3a: - 70, x' - 39js + 70, and x* - iBx+T. 
Nowa:»-3»- 70 _ (a: - 10){»+7), and the student 
can eee at ouco that a; — 10 can, hj no possibility, ba 
contained in a:* - 4Sa: + 7, since 7 is no multipls 
whatever of 10. 

.-. G.CM. ^ x+7. 
Kameroas similar examples may be adduced, but n 
carcfal consideration of the above will be safBcient. 

68. Thoro ia no part of a beginner's Algebra that 
u more systematically Blighted, and this, too, not 
nnfrequently, with the knowledge and consent of hia 
teacher, than those pages of introduction which 
nsually accompany tho coramencoment of a chapter, 
Bnd precede a act of examples. They are, to him, 
often nothing more than waste paper; and the only 
interest attached to them is that they servo, without 
trouble, to bring hitn so much nearer to his goal — 
the FinU. But these pa.gea are the muscles of the 
Bubjoct-the eiercises tend simply to develop them— 
and they cannot be disregarded without entaihng puny 
g^wth, and weak and meagre progress. It is a 
mental training of the highest character, to read 
and understand, them ; it is a sure mark of failure to 
omit them. The proofs of rules, for instance, con- 
tained therein, need the most thorough mastery; 
without which, tho working of the cxamplesia simply 
a groping in tho dark, where one may get along 
while tho way is straight and smooth, but whore no 
dif&culty can bo encountered with certalutfj or 
gnidance ^ven to others* 
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*" Important Mathematical Theorem. 68 

69, Ah a specimon of tie work referred to. the 
pupil Bhould carefully study tlie following propoaitioa, 
until its Bethod and meaning are to him both clear 
and simple. It is a very important mathematical 
theorem, ever and absolutely trne, and even for thia 
reason alone is worthy of the minatest inTesti^tioQ. 
It may be stated as follows : — 

Ang measure of Iteo quantiltes must also le a 
measure of the difference between them ; and, conse- 
quently^ must either he Ikia difference itself, or a factor 
oj it. 

ThuB, let A and B be two Algebraical expressions, 
of which B is the greater, the difference between 
them being k ; and let in, their greatest common 
meaBnre, be contained n times in A. Since it is the 
G.C.M., m mnst alno, of course, be contained in B, 
that is, in A+X, or in vn + x. Now m goes evenly in 
mn+iE, and alBo in mn ; therefore m mnat he contained 
evenly in x, the difference between A and J? ; and it 
is evident that m cannot possibly be contained in x 
LESS THAN OKCE; therefore m canuot be greater than 
E. Thns the trnth of the proposition is established. 

69 (a). The few following examples will clearly 
and correctly illustrato the above theory. 

(1.) Find the G.C.M. of 

ar* +16»» - 4GX+228, and x^ -i-lSx" - 51a:+252. 
Now the difference between these two expressions 

= a»+18ai" - 51X+252 - {x'+ldx* - 46a;+228) 

= 2a:« - 6ir+24 = 2 («:■ - 3a+12) ; 
and it ie evident, from inspection, that 2 cannot 
possibly be the G.C.M. , or a factor of it, since the 
coefficient of a*, in each case, ia nnity, and will not 
therefore admit of integral divisioa by 2. 



M IButiraHve Examples. 

Aho, 9^ — 8x4-12 18 elementaiy, as the sum ci no 
two nnmbeni whose product is 12, can possibly 
eqoalS.^ 

.-. Q.OM. — «* - 3«+12. 

(2.) Find the G.C.M. of 

X* +8aj* - 8aj - 1, and «»+32aj* +208aj+23. 
«» +32a;* +208»+23 - (»» +8a;* - 8aj - 1) 
» 24«« +216a;+24 » 24(a;« +9a;+l). 
.-. G.O.M. «a*+9»+l. 

(8.) Similarly, the G.C.M. of 
|,» - 41|> - 30, and j)» - llj)* +25p+25 -»|>* - 6p - & 

(4.) Again, 
2m«+49m*+344m+585 - (2m«+44m*+262in+364) 
. 5ni*+82OT+221 = (6ni+17)(tii+13). 

•*• The G.C.M. of these two expressions m «+18« 

f 8ee Artiole 48 ^> 



CHAPTER VIII. 



lemarJcg on tasij ManiivXailm. — Exercises for easy 
Manipulation. — Conclusion, 

70. The Btadent, who has carofdly g'one thpo-iffli 
the variona Bections of this little work, mnHt haro 
been more than once impressed with the exneedin^ 
importance of an easy manip^ation of Algehraio 
eiepreasiom. And he may rest assured that there is 
no facTtltj which wiU render him more asaiatanoe and 
pleaenre in the prosecution of this entertaining studj, 
than the abiiityto discoFer, without delay, the enrest 
method of attack, aod the shortest and snii'cst plan for 
the application of thia method. It will he far from a 
waste of time for him to endeavour to solve many of 
the problems that will come under his notice, in more 
ways than one ; and it is not nnfrequently the case, 
that, during a moment of leisure, when an example 
IB being carefully turned over in the mind, an easy 
plan of solution will bo suddenly hit upon, so that 
difficulties, which before soemed almost insnrmonnt- 
ftble, wQI at once Taniah before this, perhaps, new 
application of a formnla. It is the acquirement of 
this power of easy manipulation, which aioue can 
materially and usefully shorten the beginner's work, 
and erentnally conduce to that complete mastery over 
tiie enbjeot, wbicb every good teacher will ^m at 
jmpartinKi and every real stndent endeavour to 
attain. Since there is no ' royal road ' to anch a 
goal, and practice and familiarity with the work ara 
the only training that can make perfect, the 

k diligent study and imitation of a few good examples 
■rill neither be oat of place nor nseleaa. 



M ExereUeifor etuy ManiptdiUton, 

(L) Knd the G.C.M. of •»• -ni»+2ni* - m»+2m« 
-TO+1 and tn« - 1. 
HI* - m»+2m* - ni»+2ni* - m+1 

= m*(m« - »i+l)+m*(m« - ni+l)+(m* - m+l) 
= (m* - in+l)(m*+m«+l) 
x= (m* - w+l)(m«+m+l)(m* -wi+1). 
Also, m« - 1 = (m» - l)(m«+l) 

=» (m-l)(w«+»i+l)(m+l)(m» -m+l). 

.% G.C.M. — (m» -m+l)(m«+m+l) » m«+m*+l. 

(2.) Find the G.C.M. of m» - 8m«+m» -4m*+12m-4 

and 2m* - 6m»+3m« - 8m+l. 

m^ - 3m«+m» - 4m*+12m - 4 

» m» (m» - 3m+l) - 4(m» - 3m+l) =3 (»• - 4) 
(m« - 3m+l). 
Also, 2m* - 6m»+3m« - 8m+l 

« 2m* - 6m»+2m«+'m« - 3m+l 

— 2m«(m« - 3m+l) + (m* - 3m+l) 

mm (2m« + l)(m« -.3m+l). 

.-. G.C.M. = m« - 8m+l. 

N.B. — After the resolution of the first expression^ 
it will be evident to the careful student that m* - 3m+l, 
or unity, must he the G. CM. ; therefore the breaking 
ap of the second quantity becomes a matter of 
increased simplicity. 

|?»-3j?g«+2g» _ ( pa ,^ a) ^Sp q*+Sq ^ 
2p^+p^q+pq^ -4:g^ *" 2p» - 2q^-hp*q+pq* - 2g* 

I 2(|>» - ^•)+«(jP'+M - 29") 




I 



_ f'+jpg-V =(jp±2?Xpj:l.9) 

2p*+8p3+*?' 2p*+3p3+4g" * 
(4.) rmd the L.C.M. of m* - 4b', 

iii»+6m«n+12mn'+8ti», anttm" -Gni*n-|-12mn'-Bit* 
„. _4n« = (M+2»)(m-2n); 
m»+6m«n+12mn»+8n'> 

= {m+2R)(m' - 2mn+4n')+6mn(ni+2n) 

= {ni4-2n)(m>+4mn+tn') = (m+2n)(m+2ii)» 

= (nn-2n)« ; 

m* - 6m'n+12»in* - 8n* 

s= (m« - 8t»») - 6'nn(n» - 2n) 

■ - 2t»)(m'+2mn+4ji') - 6mn(m - 2n) 
- 2»)(ni» - 4fflM+4»«) 
= (m-2n)(m-2«)' = {m-2n)». 
Now it ia evident, from inspection, thnt the L.C.5I. 
of (m-2»){m+2«). (m-r2n)\ and (m-2n}«, 
= (m+2n)'(n»~2n)' = (m' -4n")>. 

18(gr* +j)'r+pg') - 12(g'r+jir' +^'3) - 19pgr 
2p-33 

18gr«+18p*r+18fg*-12g'i--12pr'-12p'7-TP{> y 
" 2p - 35 

-6r*(2j)-3g)-6pfl(2f -3g)+r(18ji'-1 9gg-12g«) 
■ 2p - 3g' 




Exercises for eae^ MaMpulation, 



ir'(2p-3 g ) -6j)?{2j) - 



.r(2p-8q) (9iH-4g) 



(2 j) ~ 3g)( ^ 6r* - 6j )a+9f r+4g r) 
" 2p-3g 



(6.) Reduce 



.»+lla*+30a 



9<t>+53a 
«'+llo«+30a 



a(a'+Ua+3Q) 



9oH53a» -ya~ IS—Sa'+SSa' - 9o - 13 
fl(a+5)(a+6) fl(a + i;)fa+5) 

9'o"+S4a»- (a"+9a+18)= 9u' (a+6)-(a+6) (a+3) 
a(«+6)(a+5) fl(a+5) 

"(a+6)(9a» -a- 3)~9a« - a - 3' 
TT.B,— Tn the above example, the imnierator 
resolves easily, the denoiuiiiator ia more difGcalt. As 
Booa, however, as the factors of the nomerator ora 
obtained, it is at once evident that a+(j ia the only 
poBsiblo common factor ; and, therefore, any scheme 
which will get the a+6 contained in one part of the 
denominator, muet lenve it as a factor in the remain- 
der ; hence the resolatioD becomeB both interestinr 
and easy. 

(7.) Similarly, 

27a'x* - l^a*x' - 9o*g* 
sea"!' -ISffl'x' -Si7a*i>!»+9a»iB* 

9tt'a:*(3tt' -2n-l) 
~Ba^x'(W - 2a» - 3a+l) 
(""+') f "-T) 



H-ljf'^-l) 



"iti^ -4a"+(L'«»-3a+l) 4o''(a-i;+(a-l)(2a-l) 



Exnetwt for Mtg XcntfmltttitM, 



(8-) 



(« - J)(lo'+2o- l)~4«"+2a-] 
Again, 



_ (p'+pm-g'Up'-pt-n') 

~{P'+P?+9')(P'+P?+4*) ^'+^3+9' ■ 
(9.) Find the G.C.M. of 
(!!*-( j)'+l)a:'+j)« and a:*-(p+l)»3:'+2(i)+l)jW-J«, 
•• - (j>>+l)«-+y _ (x- -f)(«' -1) 
-(«-rK«+ji)(.-l)(=>+l)! 
a*- (p+l)»K»+2(^ + I)jw;-p* 
_ .• - f (j.+l)-x' - 2(3.+l>s+J)<( 
— a!* - {{y+l)a:-p}' 
_(«■-( f +l)i+j.)(«' + ( J.+l)i. -!>} 
_ ^-j)(x-l){«.+(j,+l)«-li J 
.■. G.C.M. _(«-?)(>!- 1). 

PO.) Ako, 

2p»4-13p*q - 15;;q* - 12Gq» „ 2;?»+19p*q+88y^« 
|i'5+6|!5" - T^* p' -p'4-4i'4»-6(" 

fep* +gp9 
•■' p, - ,> 
^ (2p»4-7p'g)+(6p'? - IS w* - 1269') k 

q(p«+(!p3- 7^«) 
r y(2fi +19p,+35,-) , t(p-rt 

P-S?s5+C2p'J-%--6j>) pC2p+6j) 



70 Exereiseifor easy Mantpulatian^ 

p(p+7q)(2p'^5q ) . q(p - q) 

V(P - 8Q)+2q(p« - 2pq - 8^«) p(2p+54) 

p»(2p+7^)+(?(2p-f7^)(8p~ I89) 
- p«(p-iJ9)+2?(p-39)(p+9) 
(2p-f79)(p«+3p^-18^>) 

"" (P - H) (P" +^P«2+2«* 

(2p+7g) ( p+69)(p-3^ )^ (2p+7^)(p+6 ^) 
(p-3q)(p«+2p^+25«)'" p«+2pq+2j* 

(c+6)(c«-c6+6«) 
(c - 6)(c J.6) 

*2(c«i-c6+6«)(c»-c6+6»)"c*+c»6»+J* 

-.. ffl» -ni*w-mn*+n» m*(m-n)--n*(m- til 
' '^ w»* - «i''M - OT>n'+ww»™ t»» (w-w) -urn* (m— 11} 

(m»n)(w* -n*) (m»+w»)(m^-tt*) ni^+M 




' a 


a 






l+a+ 


(a+l)(a'-o+l)+a 
a* - a+1 


1 - a+a* 




a 


a 


a 


a* -a^+a 


1 




o'+a+l 




a'-a+l 






m 


a 


-1 fl(fl»+a+l) 


a'+a+l -o^+a* - a 


a'+l a»+l • 



a'+a + l 



fl 



71, A few illnatratiTe Simple Eqnatiorn will 
conclude this aet of examples; and the student ia 
desired to see clearly that each step is easily dedaoi" 
ble from the one immediately preceding- it. 
(1.) (.-.){=,-i) = («-<.-S)- 

(• - a)(„ _ 6) = (=.-«)■ - 26(1 - a)+»» 

(SB -aHfl!- 6- «+a+26) = 6« 

(.-o)(«+i)=6- 

ax+hx — a* -ab ^0* 

m(a+b) =a*+ab+b* 
— g 

(2.) J — 1,-4^ 

' x-a x-b z' ~ai 

(K~b) 



72 Ezeretsesfor eaty Manipulation. 

(«■ - ah){x - 6 - «+a) = (a - 6)(« - a)(« - 6) 
(«» - ah){a - 6 ) = (a - 6)(aj - a)(» - &) 
ft - - ah == aj* - 6a? - aX'\-ab 
a;(a + 6) = 2a6 
2a6 

• • •w ' *■ - ■ 

(3.) C!/4-l)(y+2)(y+3) = (y-l)(y-2)(y-3) 
-f3(4y-2)(y+l) 
y»+6y«+ll^+6 = y» - 6y»+lly - 6+12jf*+6y - 6 
C^ = 18; .-. y = 3<». 

(4.) (x-9)(aj-6)(»-l) = (aj-2)(x-4)(a?-6) 
(a? - 10) 
»* - 22a;»+164aj» - 4:58aj+316 
B= a* - 22a:» +164a:» - 4:88a: +480 
80a? = 1G5; 2a? == 11 ; .-. x = 6Jo. 

.f. . 3 -2a ? 2a? -5 _ , 4a;« - 1 



r-2i 2a? - 7 7 - lGa;+4a;« 

2ag-3 2a? - 5 _ 7 - 16x+4a;« - 4a?« +1 
2»-l""2a?-7 4a;« - IGa;+7 

-8(2a?-l) 
"(2a? -7) (2a: -1) 

2ag-3 2a? - 5_ -> 8 
2irri"2»^ 2a?-7 




2a? -7 



89 - 8)(2» - 7) = (2a: - 13)(2a? - 1) 
• - 20aj+21 = 4a:» - 28a:+13 



2 



8a? = - 8,.-. a? = - 1. 
Or, Chci, 

8-2x 2a? -6 _ 4a;« -1 

fr2»"2»^ ^ " 7 - 16x+4a;« 

BolallOBSf finmded om Um tbeoiy contained in Artldt NL 



Exercises for easy Manipulation, 




no.) /(6»)+/t6w45)-15 
>'(6«+46) _ 16 - /(es) 
6«+46 - 225 - 30/(6r)'+ftB 

30^(Si)_ia> 

/(ei) _ e 

.'.n - «. 

(11.) ^(a+14)+i'(a-H) =« 
/(a+l4).14-/(o-14) 
•+14 — 196 - 28/(<i- l4)+o-l« 



18 /■(a -14) -168 
f-(a-I4). - 



-ea 



(12.) ^(j - «)+ /■(} - m) _ .'(B - ■) 
jf-i»+2>^(ir-n)*^(y-m)+y-»"»» 



Conclusion. 78 

2/(31 ^n) /(y - «i) = 2n - 2y 

y* - «»y - ny-i-fm a=a n* - 2ny+y* 

ny * my = It' - mn 

y (n « m) =3 n(n - m) 

.-. y =» It. 

72. As the student advances from the more elemen- 
tary parks of his Algebra, he will find the foregoing 
formulsB and remarks continuallj coming to his aid ; 
and, having thoronghlj understood them, he will be 
able the more readilj to comprehend and apply the 
many theorems that will, after this, be presented to 
his notice. Let him carefolly and completely master 
the contents of this little work, and he will not only 
havr made great progress in the subject, b at will also 
have thi/ satisfaction of knowing that he has begfun it 
in the only way in which Algebra can possibly bo 
made a Bcientifio and delightfol study. 



ANSWERS TO EXAMPLEa 

OHAFTIBB IL 

I. a^+e^+2a&. 

8. g^+h^+2gh. 

4u m* +«• +2IIIII, 

6. p^+q^+2pq. 

6. m^+q*+2mq. 

7. 169+81 +284:=484 

8. 121+64:+176=86L 

9. 289+324:+612=1226, 

10. 226aj»+169y*+89aq^ 

II. 49y*+64«*+112y«i. 
12. a*a:»+6"y*+2a6«y. 
18. p^s'* +4«» +4pj«. 

14. fl5*+y*+2a*y«. 

15. a5«+4y«+4a5»y«. 

16. 36a:»y» +16a»6«+48aJq|t 

17. <^6« +<?•(!• -2a6ci 

18. fl5«+y«-2»»jf». 



a 


Answers ta Examjplet. 


3 


19. 


a!»y*+«* -2rgt. 




20. 


y'+X^z" -'Ix-fZ. 


^^^^^^^H 


21. 


4z»+163»+16j«. 


^^^^^^^H 


22. 


166'+36c'd»+48ic(i. 


^^^^^^^1 


28. 


ni'ji' +4n'g' - im^pq. 


^^^^^^^H 


24. 


49m'a!»+0s'(»+42ra«f*. 


^^^^^^^H 


25. 


o"+6'+<!'+2a6-2ac' -2ic», 


T 


26. 


a' +a;' +4!'' +4y»+2aie— 4ab-4ay - 4&a5 


-4«!,+8By. 


27. 


a:=+l('+36+z» - Si!/ - 12!C+2aie+12i/ 


-2y.-12a, B 


28. 


4o'+9&»+lGc>+25d*+12a6+16oo+20ad4-246o | 




+306d+40cd. 




29. 


p'+43'+r'+9jn* - 4j)^+2j(r - Gmj} - 
-6mr. 


4gr+12oij | 


30. 


l-4a+10a»-16a»+19o*-ieo»+10a» 


-4a»+a«. J 


81. 


-43;2/'+4y«. 


«-3««y^J 


32. 


a*+4a=iB + 6a»a:'+4ffla;»+«*. 


H 


33. 


166*+966'c + 2166»c-+216&e»+81c 


^ 


34. 


«» + Qxiy + ZSi's* + 663;''^'' + 70!t*3 
H2ftr'i/'.(-83;5'+i(*. 


*+G6*4' 1 


36. 


4a»+46'+c"+d«+8a&-4oe+4aA-46c4-46d-2ei ^il 


86. 


6.+c»+d'+3;«+j/'+25c+26d+26a-26y+2«I+2a» ^^fl 




- 2c)/+2d!c - 2(^ - 2«iy. 


^^H 


87. 


K+S*- 


^1 


88. 


»+M:+f+^ 


^^H 


89. 


e^:)'+(r;-3"+^- 


^H 


^^kj 




^1 



OHAPTBB IZL 

1. ••-.4I*. 

2. m^^c^. 

5. fl5(a* - •*)• 

7. a«+a* - 2a««*. 

8. «"+a»«-2a«»*. 

9. («*+9y)(a*-9y). 

10. («*+l)(««+l)(»+l)(»-l>; 

11. (««-8)(a;«+8). 

12. (1-16»*)(1+16«*). 

"• (?+?X1f-?> 

15. a«(a!+y)(!B-y). 

16. (ia-¥>)(¥+V>)' 

17. (a;«y»a»+l) (sryz+l) (ay* - 1). 

18. (16x»+25y«)(4a!+6y)(4a:-6y). 

19. (a«6«+c*) (aJ»+c») (aJ» - o»). 

20. ap(m+n* )(»»-«»). 

21. (y-2)(2,+2)(y»+4)(y+8)(j,-8)=(f»-^ 

(j,«+4)(3,« - 9)=(y* - 16)(y - 9). 

22. c* - a*+4o»i - 6o»i»+4a6» - i*. 



m Jn$wer$ to JB!xamfU$. 



2S. 1 



ST. (••+266)(»*+16)(««+4)(a f 2)(» - 2). 
88. 1 - g* ^^ 1 -2ag ^^ 1 - 2g 

"■ 1 - 2fl4-»* ~ i-2«+»«'" (r«^^«5^ 
ai. -9. 

•4 i(a+J)««+o»»}{(a+5)-+o*}{(a+J)«-«^}. 



«i 



5 
\ 



CHATTEBS IT. A T. 



1 («*+ii*)(m«+n*){ni-n). 

2. o»«-6»=(a«)»-(6»)>={a«-4»)(a»»+a»6»+&«)" 



'•+6' 












a' - o'i+i- 
— (o>+S)(o--o«S'+S'). 

(}.■• -2li'S'+j")(ji"+2p«5>+?") 




(f-2p'«'+s')(i>'+2i>'s"+s-)(f+2i.'8'+5>) 




__ (p. _5.).(p.+,.).(p. .p.,.+,.)i 




(p. -,.).( p. + J.). 

=(p'-rV+a*>'- 




(ir*+ff*+m')(a;»+2a;'y'+j»-»n»a'-fn'y'tm*) 


6. 
T 


o(o+i). 

m«+3m*B»+3m'n*+n* - o'+Sa*** - 3a*«*+B 



i 



Aneteert to Exampleg. 



_ (m'+«'-( 



^{<5 









^ {2m+x+y){{2m)* -2m(x+y)+{x+y)»} 

2m+x+y 
= im*-2m{x+y) + {x-i-y): 

10. (pg)>«-(pj)"mn-(-(ii3)">(mn)«-(j)5)»(niii)» 

-(j.9)T(mn)' + (i.2)»(m«)'-(P?)'(™»}'+(M)* 

_(l>3)>(M.u)»+{p3}'(mn)^»-(j'2)M"+(™'')"' 

11. 729a:'*+343g" = (9i:')»+(73''}» 

= (9»!'+73»){81ai'* -63:c'3»+492>»). 

I 12. {ii!+!/)» -(x+y-z)' 

- (a;+y - a: - i/ + i){ (aj+y) '+ (x+y) (s + ff - «) + 

= z{{a!+i/)»+(a:+y)« - (!r+y)z+(x+y)« -2(a;+y) 

= «{3(!c+i/)» -3{x+y)z+z'}; 

=~ (x■^y)» - {{«+y) ~ i}* 
<z^(x+yy - (x+yy+3(x+y)H~3{x+y)s*+x* 
= :>{3ix+yy-S(x+y).+z']. 
I IS. 2{x'+x^y+xy*)-x''+y' 

= 2x{x'+3ni+y*\- (»» - y') 

= 2iE(!B»+iy+j/«) - ix-y){x**xg-i-y*) 

= {x>+xy+y*){2x- x+y) = (x-^y)(x*+xy+y*). 



Answers to Examplti, 

14 {(i> ^ff) -(!>+?)}• =(-2g)«=-8j*, 
15. U(i-I). 

10. m»» -n»» = (m»+n«)(m» -n«) 

= (m»+n")(f»« -«i»n«+n*)(m» -n«)(m*+m»n» 
+n*). 

17. (a+6+c)» = {(a+6+c)»}« = [{(a+6)+c}*]* 
= (a»+3a«6 + 3a6«+ 6»+3a«c+6a6c+36"c+3ac* 

+36c«+c»)«. 

18. (a+26)»+3(a+26)« (3c+4(i)+3(a+ 26)(3c+M)» 

-f(3c4-4d)» 
=a»+6a»6+12a6«+86»+3(a»+4a6+46«)(3c+4d) 
+8(a+26)(9c«+24c(i+16(i")+27c»+108cM+144 

19. 17»+13» = (17+13) {(17)* - 17x13 + (13)*} 
«= 30(289 - 221+169) = 30x237 = 7110. 

20. 19» - 14* = (19 - 14){(19)»+19xl4+(14)*} 
mM 6(361+266+196) = 6x823 =x 4116. 



83 



CHAPTER Yh 

1. (m+16n)(m+14n). 

2. (xy'^l9z){xy+lSz). 

3. (p«g« - 13r)(i>«2« - 8r). 

4. (a*2?-i)>)(a*«-18p*). 
6. (a*5;+p^)(a*« - 2()p»). 

6. (6»y«5;+223«)(6»y«»-llg»). 

7. (a+TO)(a+n). 

a (i>+3)»+13(i)+5')(a;+y)+4i2(«+y)* 

9. (3am - 12q) (am - 103>. 

10. {2{m+n) - (aJ+y)H(«»4-n) - S(x+y)} 
= (2w+2n - a; - y) (m+» - 3a5 - 3y). 

11. ( j)g - xy)(pq - 129a?y). 

12. (x - 3)+(iB - 3) (oj+l) = a(<B - 8)+8j 
(a; - 3) (1+aj+l - «) = 8 

aj-3 = 4; .•. aj = 7. 

13. a:(J-J-i + i) = (J-i-i+i)3 
.-. x = 1. 

j^ (x+d){x+4:) _ a+4 
(a;+9)(a;+7) ac+T' 



16. 



1 + 1 ^ 1 

(p-a)(p^h) (i>-a)(p-c} (jp-.6)(p-«j 

J) - c+|) - ft+jj - a 
(p-a)(p-6)(j>-c) 

3p - a - ft - 



21 



Anateert to Examplet. 
(Snt' +n*) (4m» — n"; _ 4in» — n' 

1 1 .^ 1 

y ~z -x+i+x -a _„ 

(p-m)(p-n) __p-n 
(J'-"0(P-3) P-3* 
{2ax+y){ax+2!l)_ _ aic+2y 
(2ax+y) ;3aa;+%) 3aK +2y 
j>(p»-6j)'y+12j)i;'-8y')-y ( y'-6py*+12p«y-8p*) 

_ p*-6y'y+12y'y'-8jiy'-y*+6py'-12j)'y*+8j)'g 
(jj+j)' C-y*) 

(p+j)' (p+y») 

^ (j,»-y)(p«+2py+y*) ^ (y-y)Cj)+y)' 



{(x+y)-gc}{(r+y)-6ct _^ 



a+3 - 5o 



:+y-6o. 



22. SeeArt. 64(6), (2). 

23. See Art. 54 (1), and Art. 64 (a). 

24. See Art. 55 (5). 

25. {(*+y)+;!}»-{(s!+y)-«}»-H=^)«}*-{(^)+«}' 

(3i+y)"+3{!r+y)«j+3(i+y)««+i!» 
- ix-t-i,)^+3(x+yya - 3(ar-|-y)««+z« 
i.(a;-y)»-3(ai-y)»a+3(a;-y)j' -«» 
^.(x-s)'- S(x - y)». - 3{« -y>» - .* 
= li(x"+2j!j(+j(« -a'-t-^icy -)F*)« = 2l2|W, 



r 


AniwerB to Exttm^pltt. 


I 


^^26. 


See Art. 66 (2). 




07. 


See Art. 64 (S), (7). 




28. 


(:r-6)(i-7);('-2)(«-7); (•<-'')(»-')» 
.-. LCM. = (. - 2)(;= - 5){x - 6)Ci. - 7). 




29. 


B* - 144 = («" - 12)(3;«+12) : 
«* - 25a:»+156 = (a* - 12) ix' - 18) ; 
«• - 5a:* - 84 = {:b' - 12){a;'+7) ; 
■ . Ii.O.M. = (i'+7)(i'+12Vi' - 12) («• - IS). 








to. 


(p-+19)(y+l);(p' + 19)(r.-19);fCj.+19; 

5 F'+19)(j,.-l)i 
.•.L.C.M.y8(P'+l)(f-l)(l'>+19)(p'-19) 




31. 


(2Mj)(2i-Sj); (2H.!,)(2l-j); 
(2i-%)(2t-5); (2J.-,)(2i+3,); 
l2k+,)(2h-3!,): (2i; + 3j)(2i+j,); 




^ 




K 


.-. Ii.O.M. = (2t+3j)(2i - 3j)(2i+,)(21i -,),■ 




H 


o^=(4i■-9s•)(4i•-J■. 




■ 32. 


(ii-2)(.-2); (.-2)(.-6); 
.-. G.0.M. = «-2. 




1 S3. 


2(i'+12)(i' - 12) ) s'(i' -12)(«'+1) S 
.-. G.C.M. = a;' - 12. 




1 '^ 


if;-i%TA"Si)!^tG;8^.-4V.o,. 




1 




1 


L 





u 



CHAPTER VII. 

2. 16a* - 32a8y +24:a*y« - Say» +y*. [a». 

8. 82aj»+240aaj*+720a«««+ 1080a8a:»+810a*a?+243 

4. o»-20a*a:+160a8a:*-640a*aj8+i280rta;*-1024a;». 

6. See {d-\-h+c)^ on page 53. 

6. (oj -y)«+6(aj-y))»2+16(a?-y)*2«+20(a;-y)»2« 
+16(a: -y)«5;*+6(a; - y)z«+«*. [- 6'. 

7. o»-7a»6+21a»6»-35a*68+35a86*-21a«6»+7a6« 

8. a« - 8a»6+28a65» - 66a»68+ 70a*6* - 56a86»+ 

9. {4a+(66+l)}»=64a»+4i8a»(66fl)+12a(6&+l)* 

+ (66+l)« 
es«4a«+288a»6+48a*+12a(366»+126+l)+2166« 

+1086» +186+1 
B= 64as+ 288a > 6+ 18a* + 482a&*+ 144a&+ 12a+ 
2166* +1086* +186+1. 

10. y»+21y«+189y8+945y*+2835y»+5103y*+6103y 

+2187. 

11. fii»+9m8n+36m^n«+84w«n»+126m»n*+126«ii*ii» 

+84i»»»« +36m»n» +9m»8 +n». 

12. TO* - 10 TO»n+ 45OT«n* - 120ni'n» + 210TO«n* - 

262TO»n» 
+2109H*»« - 120TO»n^+45TO«n« - 10mn»+n»«. 
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mental. 

* Suitable for Examination Books. 

(x) The letters, both small and capital, are taught on the analytical and synthetical 
method, such as an intelligent teacher would employ in a course of writing lessons 
given from the blackboard. 

(is Every difficulty is analysed. 

(3) The combinations of letters are progressively taught, and special exercises ta 
difficult combinations are given. 

^4) The principle of recapitulation has been freely used. 

(5) The shape of the letters and the style of writing are flam, and wuform 
throughout the series. 

(6) The Copy Books are adapted to the standards of the Code. There are given 
progressive exercises in the arithmetic of all the standards, exercises in transcription, 
in heading examination papers, and in addressing and writing notes. 

(7) The copies are beautifully engraved on copper plates, and carefully lithographed 
on good paper. ^ , 

(8) The ornamental writing is taught in progressive lessons. Copy Book Na 16 
will be found useful in teaching italic writing for mapping purposes. 

(o) Variety and usefulness have been carefully considered throughout the series. 



The Schoolmaster solJ^ '. " The style of writing is bold and beautiful. The chid 
point of excellence is the graduation. Every difficulty is analysed. Without sud& 
iKSons there can be no certainty of success. . • . Printed in excellent style. 
, . . Sure to command the attention of teachers. Deddedly among the best. 

The School Guardian says : '* Fulfil the requirements of a good series of writing 
bocks. . . . Paper good, copy-heads bold, and the right amount of assistance w 
givm." 

yhe Pupil Teacher says : " These are an excellent series, in which the elements 
of the letters are taught separately, and then conjoined. This will, doubtless, lead to 
a lis better penmanship than is obtained by most others yet published." 

The Teaclters Assistant says: "These copy books have several valuable 
characteristics. They have no unnecessary and difficult flourishing. We strongly 
recommend them ; they deserve to be extensively used." 

The Edncaiinnal Times says : "An excellent series of copy books ; the various 
processes of arithmetic being combined with the writing copies — a good idea, w« 
think." 

The Educational Ne^us says : " It is difficult to corpeive of a youth patiently and 
carefully working through this series without becoming a good writer." 

KOFFATT'S BOX OF FOBH ANB COLOUB. 15s. 

ADOPTED BY THE LONDON SCHOOL BOARD. 

s. d. f . d. 

Moffatt's Alphabet C^rd .7 ^.08 Moffatt*s Card of Form » — «. z 4 

JVbi^a/r'^jBojc;'^ Letters and Figures 20 Moffisttt's Card of Colour so 

JVbiJ!a/r'5 Box o/'Coioured Cards .. 20 

TA^ Sc^iw^ Board Chronicle says : " We are not SQx^<ait& to Veartx ^2kaSL thft Box 
of Form and Colour has been adopttd by the IdOadsMk Sc^biwA 'dowc^ VBii\i) iQb^ 
^^—Mnd CoUnusd School Sodety/* 
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MOFFATT'S HOME MD SCHOOL SEEIES. 

( Thisi books an ctirifully revised ■when changes are made in 
the Ciide.) 
MOFFATT'S GEOGRAPHY. Adopted t.j; the London 
Gchoo! Board. Standard II., price id. ; in elolh, 2d. 
Standards III., IV., V., VI., price ad. eych; ia cloth, 3d. 

MOFFATT'S ARITHMETIC. Standards I., 11., III., 
IV., V,, VI., price id. each ; in cloth, 2d. each. 

Answers to all Standabos, price Bd. 

MOFFATT'S GRAMMAR. Standards II., III., price id. 

each ; m cloth, id, each. Staniiards IV., V., and VI., 

price 2d, each ; in clolh, 3d. each. 
MOFFATT'S HISTORY. Standard IV., price sd. ; in 

cloth, 3d. Standard V., price 3d. ; in clofh, 4d. Standard 

VI., price 4d. [ in cloth, Jd, 
MOFFATT'S DOMESTIC ECONOMY. Fi«i Stage, 

Second Stage, Third Stage, 2<i. each i in cloth, 3d. each. 

MOFFATT'S EXPLANATORY READERS. Primer I,. 

aid. Primer II., 4d. Slaiidanl I,, &1. ; II., 8d.; III., is. 

MOFFATT'S COPY BOOKS. Nos, 1 to ij, as. per d<«. 
Nos. 16 to iS, 3s. per doz. 

The SehcsimmterKiy^: '^ These are exceptionally good books, graduated 
witb miidi care, evideliUy writlell by one who knows rfae exact diPlculllCB 
that lEXt llie learrer. Tia auLject is sa well handled, that the hookE will 
be roimd iiscruL in every cUu oT x:li<wl. The various books are well ptiated. 

Tit SriKol Cuitrdian txp : " Tbcy at 
hB arranged his mallet well." 

Tie f/atimal ScksalmaHer: "We 1: 
Slandntds." 
_ F. Basshtt, Esq., Senior Lertuiw, Snitley College : "I have no he 

_ T.K HB1.I.BH, E^.. M.L.S.B.. Scmtiiry N.U.ET. : "" " 



ia better books Tor llie 



oiiah the Inokt, anii L 
N NoiiLe. Esq., Inipectoi of Ibe London Board Schools : 

. ET>Hm HjuMnKlJiJ, Vice-Prindpal, Bi.tters™ College : 

n Mi'>'<^i', (:<n'.tnw Senior Ledtiiin', Culham College: 

', Hammetsmith College; "Ts 
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HOVJ TO TEACH ARITHMETIC: 

Illustrated in a Series op 
NOTES OF LESSONS, as. 6d. 

By T. J. LIVESEY, Author of " ScholireMp Answers." 
Thislxrak tatea up uriatim very fully every rale of Arifhmellc. 



MOFPATT'S HOW TO TEACH BEADING. 

Illuilnled with 
NOTES OF LESSONS, is. U. 



Tia ScisrJmitstrrfiyt : " The wof li urill he ipedally luefu! lo pupil tiachtn, mJ 
TVi* 7'(iK*fn' Aalilml iiiyi:_"We haw g!«n thii booli ■ longerBoli« ihra 

TluPufU Teschf, tan: "Mr. LivE>er ^yt^ 1=ft nolhbig (a be detiretl in thi 
CKe^ent way in wSich lie hni wushi IE;.tl.=.i." 

MOFFATTS PUPIL TEACHERS' COURSE. 

CandiJalis, 3s. 6d. Voir I., as. 6d. 

Years II., III., V^ . preparing. 

Each of theae bc>ol!5 is a complete tent-book of the cnnrse of studies 
preicribert for I'upi] Teaciiers in theLt various years. The books have 
been carefally and fully written. 

Koffatt'i Aaswert to Scholarship Q,ae8tioiu, 1877, 
1878, and 1879, 

(Price 2S. each.) 
Contnltl complete answers to all the Scholarship Questions, with 
particulars of Training Colleges, and inslructions ajid hints foe 
Candidates. 

_ Tin SrM«<ailir saji: " To thoH looking forvard for Ifas Scholanhip Eumtiv 

Tit Pufiil Ttachrr Byg ; " EicelleaE model antwera. . . . Eitrenely nHliil 
u a guide and □Ktdrt." 
Fviik Of Man »yi : " The aiuwers are models indeed.' 
Tilt NaHenat Sdmlmailir uya : " Replete willi Inlbmution. '. , . VduaUs 



^M UOFFATT'S PUPIL TEACHERS' COURSE. 

^^H Candidates, price 2s. 6d. Year I., piice zs, 6(1. 

^^V Years II., HI., and IV,, in piepamtion. 

^^B These books contain the whole course of instruction for Pupil TeaclieR, 

^^B They are carefully and fully written. Examinalion Papers in each sub- 

^^^ ject are set, and praclical hints to Pupil Teachers are given. 
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The Sifficulties of Algebra made Easy. 

Bv H. C. Tarn. Price is. 

The Stiealmatlir uyt: "Thi pupil itumblci over tbebrackMi,_caimrdne > 

im^i^ng ^Sallons! «c!^™°''.| T" t"" " '"" """^ on m o limn e ac nn. 



The Art Stadent's Seoond Grade Practical Oeometry, 

By John Lowres. Price is. 

The SckunlBoalir lays : "AmngcmcDt exceHeaL . . Melhods neu and acca- 
iBte. E^Iaflbtionj! RLinple and clcv." 

The JcAio/ flM-rf Ci™«i;-/f says : "No care ot ihouslil lias been spared, and 
le work ogghi lo comi largely into use." 

The^c;iiuiCKdrifufltBy>: "Solid Geamelcrpanlcularlyclear. . . Duoplets 

UOPFATT'S INFA2TT SCHOOL BEAUINa SHEETS. 

The type is extra large, and corresponds exactly willi that of a 
Reading Book. The subji^cts and I.-ingua){e are suitable for infants. 
The lessons are drawn up by an experienced Teacher. Price, per set, 
as. 6d. Mounted oo Card, 6s. 

Koffatt'B Reprint of Fnpil Teacbers' Questions, 

Set by the Education Deporlment in 1874, 1875, 1876, 1877, 1878, 
vith Answers lo Arithmetic and AlEcbra. Price is. 6d. for each Year. 

These are a reprint of the official questions given by H.M, In- 
spectors at tlie Monthly Examinations of Pupil Teachers. 

Queen's Scholarship Questions, for 1870-1-2-3. Price is. 
Queen's Scholarship Questions, for 1874-5-6-7. Price is. 
Qoeen's Scholarship Questions, July 1S78. Price 6d. 
Queen's Scholarship Qneations, July 1879. Price 6d. 

With answers to Arithmetic, Algebra, and Mensuration. "No belter 
exercise for thobe preparing for a SchoUrsliip will be found than in 
■nswering these questions." 

Hofiktt's Half-Crown Atlas. 
Comprises 32 Maps, beautifully engraved and printed in colours, 
constructed from the most recent authorities by J. Bartholomi 
It is very well adapted to the Piip'^ Teadiet^ Ctyitw., -^ 
~~of ttie British Coloiucs,aswc\laSQ^'L\Leu . ' - -c 



^^H AfiOmn BT THB LOBVOR BOBOOL BOABD, FOE EEACIKa AKS 

^^H KBPBTITIOB Ur SIABDJJUIB IV, V,, VL, ASO LITEKATDBl or com. 
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THB EXPLANATOEY POETICAL READER Pbiot Is. 



SPECIMEN PAGE. 
THB XXPTi&N&TOBY FOXIICAL BEADBB. 

THE SOLDIER'S DREAM.— CompSeB: 

Oire bnglea snug trace,! fgp £i,g night cloud bad lowered,' 
And the eenlinel Btara set their watch in the sky ; 

And tliODsaudB had ennk on the groand overpowered--- 
The weai? to sleep, and tho nouudcd \a die. 
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When reposing that night on my pallet of straw,' 
By til e wolf-scaring fagot,* that gnardod tho Blain, 

At die dead of the night, a swoct vision* I saw. 
And thrice, ere the monung, I dreamt it again. 

Ucthonght, from the hnttle-field'a dreadfnl array, 
Far, far I had roamed on a desolate' track; 

_'Tw8S aiifnnui, and aanshine arose on the way _ 
To the home of my fathers, that welcomed me back.' 

I flew to the pleasant fields traversed* ea oft 

Id life's morning march,' when my boaomwaByoODg! 

Z heard my own montitain-goats bleating aloft. 
And kuew the sweet strain, that the corn-reapers song. 

Then pledged we ^ha wine-cnp, and fondly I sworo 
From my home and my weeping' friends never to part; 

21y little ones kissed mo a thouannd times o'er. 
And my wife aohhed aload in her fulness of heart. 

Gtfty, stay with ns! — rest; thon art weary and worn; 

And fain* wn.a tbeir war-broken soldier to stay — 
But sorrow ret.nrni'd with the dawning of mom, 

And the voice, in my dreaming ear, melted away. 



' Ovc ^'!^** w? tnat, gave Ihe Higosl to ceMe f ghtrcg foT a 

XiA. A bllKlo in a musical iiiatniment. ' ioirerfd (prononnceil 

I M to rb} 'DO v'ilo DTuiponeied. third line), Bpi>ei red Btoniiy, 

jy, or tiirenAEuins. * Wt,\}'itnr\ng fagot, biei linhttd to 

tea aiiM? ton wolvea. ' Fi«inn, it dream. 'Usi.ijoti, clruaiy, 

P7, oiiinliflditf'd. • Traufnd, ^aadeiei o\m. t Uft't 



MOFFATT'S SERIES OF SCHOOL 
REGISTERS. 

Moffatt'B Class Register, limp covers, price 9d. 

MofTalt's Class Register, slilT covers, price Is. 

Moffatt's Summary Register for two years, price Is. 

MolTatfa Summary Register for six years, cloth, 
price 3s. 

MofTalt's Admission Register, Tor 1950 names, price 69. 
(i) Clearly printeii and ruled. (z) Side by side marking- 
(3) Minimum of lahour. (4) Sum maty columns arranged 
specially fur convenience of crurying forward the totals. 
(5) No fly leaf. (6) Paper gooil, size convenient. (7) Copy 
of retoms in Form IX., and of Examination Scliedule, 
(8) Binding specially strong, so as to secure coolinuous ruling. 

MOTES OF LESSONS, AND HOW TO WRITE THEM: 

Pries as, 6d, 



By X Head Master under the London Sckxii. Boasd 



ntains have been given as models before 
suectois. and the Ti ' 

"This Eicelloit ojlectioa orKotu liu bna compiled SB a help ta pracdcal Eeach. 
idg. To pupi] lenchen and candidalea foi vjmmliujtroa by H.M. tnspeclor, wbothai 
forcollwe entrance or certificate, it will be ofmucli aBwstance." — Srkiol Gtvsr^att. 

" llie booli is D Eood CQUectien of ' KotK^' add the relnorkfl ^prefixed arc TaluaUa 

" Thia is a craditablfl production, and wiU be found useful byyoune Ceachcn, fiv 
whom it ba5 been EpcciaUy prepared. .... Method muat have lomibL a chief njot 
of study in the rase of the author for a considerable time, and the i 



;anhy of commcndacion. fiodi OS reffardi the scLectiaD of sub- 

Eu anu uiD ucuimcot of the Blotter, these hints on the prepamtjon of 'Notes of 
SBoni ' areiensi4>le Dnd Euggetive^ We can say, iaawora, that this book k a good 

" Thi< b certainly one of the best booLa vUch could be pt into the hands of a 
youag leichei. The ' Notes of Lessons ' are veiy varied, thoroughly practical, and 
■Itocethet as good a set of models as could be put before a youag teacher.'' — 



moffatt's Oatllnea of Qrammar and Analysis, Frice 9d, 

Moffatt's OntlinGS of Geography. Fricc is, 

Moffatt'a Outlines of English History. Price is. 

These Books will be found usefiil for I^jpil Teachers, Students in 
Training, and Candidates for the vnrious Public Examinations. 

NEW SONGS FOR ELEMENTARY SCHOOLS. 

By T. M, MoKDAN, Assistant to one of H.M. Inspectors of Schools. 

Book I,, price zd. Book II., price zd. 

"PAPERS FOR TEACHERS." Price U. ts.'S.ctSii.-^'^JisiKs&siMii. 
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